Geophys. J. Int. (2012) 189, 1597–1610

doi: 10.1111/j.1365-246X.2012.05430.x

Two-point paraxial traveltimes in an inhomogeneous anisotropic
medium
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SUMMARY
We derive formulae for the approximate computation of two-point paraxial traveltimes (traveltimes between two points) for points arbitrarily chosen in a paraxial vicinity of a reference
ray computed in a smoothly varying inhomogeneous anisotropic medium containing structural
interfaces. The formulae have a form of the Taylor expansion in Cartesian coordinates of the
two-point paraxial traveltime or its square to the quadratic terms. The coefficients of the expansion depend on quantities obtained by ray tracing in Cartesian coordinates and by dynamic
ray tracing in ray-centred coordinates. Alternatively, the dynamic ray tracing can be performed
in Cartesian coordinates. The advantages of the approach based on dynamic ray tracing in raycentred coordinates are its efficiency and elimination of possible complications that may arise
from the redundant fundamental solutions of dynamic ray tracing in Cartesian coordinates
(the ray-tangent and non-eikonal solutions). As a by-product, we also obtain simple formulae
for the slowness vectors at the two points in the paraxial vicinity of the reference ray. They
belong to a paraxial ray passing through these points. Potential applications of the proposed
formulae consist in the fast and flexible two-point traveltime calculations from sources to
receivers specified in Cartesian coordinates and situated close to a reference ray, along which
dynamic ray tracing has been performed. The formulae for the paraxial slowness vectors can
be used in two-point ray tracing.
Key words: Body waves; Seismic anisotropy; Theoretical seismology; Wave propagation.

1 I N T RO D U C T I O N
We consider a smoothly varying inhomogeneous anisotropic
medium containing smooth structural interfaces. In it, we compute a reference ray , and select two arbitrarily situated points S
and R on it. Along the ray, we determine the 4 × 4 ray propagator
matrix in ray-centred coordinates, initialized as the 4 × 4 identity
matrix I at S. We assume that conditions of applicability of the ray
method are satisfied.
We choose a point S  in a 3-D vicinity of S, and a point R in a
3-D vicinity of R, and specify the position of the points S  and R in
Cartesian coordinates. Our goal is to determine approximately the
two-point traveltime T(R , S  ) from S  to R and the slowness vectors
p(S  ) and p(R ) corresponding to the ray connecting S  and R . The
standard ray method can be used to compute the traveltime and the
slowness vector (gradient of the traveltime field) only along the ray
 (containing points R and S), not in its vicinity (at points R and S  ).
In the vicinity of the ray , however, we can use the extension of the
ray method, called the ‘paraxial ray method’ (Červený 2001, chapter
4; Moser & Červený 2007). In principle, the paraxial ray method is
based on the Taylor expansion of the traveltime from the reference
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ray  to its vicinity, up to the second-order terms. The second-order
coefficients of the Taylor expansion can be determined using the ray
propagator matrix, computed along the reference ray  by dynamic
ray tracing. We therefore speak of two-point ‘paraxial’ traveltime
T(R , S  ), and ‘paraxial’ slowness vector p(R ) and p(S  ). We emphasize that these quantities are determined without performing ray
tracing between S  and R . We use solely the quantities determined
by tracing the reference ray  between S and R, and by dynamic
ray tracing along . The two-point traveltime is then expanded in
Cartesian coordinates only in a 3-D vicinity of S and R.
All expressions derived in this paper are very general and flexible, as they allow to consider points S  and R arbitrarily situated
in the quadratic (paraxial) vicinity of S and R, not only on some
specific surfaces (anterior, posterior, tangential to the wavefront at
, perpendicular to the ray , etc.). The expressions are specified
in Cartesian coordinates, their coefficients are, however, evaluated
by dynamic ray tracing in ray-centred coordinates. This makes the
proposed approach efficient and free of possible complications that
may arise from the redundant fundamental solutions of dynamic ray
tracing (the ray-tangent and non-eikonal solutions). This represents
an extension of existing approaches.
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The two-point paraxial traveltime T(R , S  ) is an approximation
of the traveltime along the paraxial ray  (R , S  ), passing through
the points S  and R . If the paraxial ray  (R , S  ) is known, the
traveltime T(R , S  ) can be calculated easily, by quadratures along
 . An extensive literature is devoted to the two-point ray tracing,
particularly in inhomogeneous isotropic layered structures. Various
approaches have been used in this field, see for example, Bulant
(1996, 1999), Grechka & McMechan (1996) and a detailed review
in Červený (2001, section 3.11). Here, we study only the two-point
‘paraxial’ traveltimes.
The interest in the two-point paraxial traveltime T(R , S  ) has a
long tradition. It has been discussed already by Hamilton in the first
half of the nineteenth century (Hamilton 1837). It is well known that
Hamilton derived equations for geodesics, which represent equations for rays. Therefore, the ray equations are sometimes called
Hamilton’s equations at present. Hamilton, however, also studied
the traveltime between two points, and called it ‘the characteristic function’. To acknowledge Hamilton’s contribution to this field,
the characteristic function is now also called ‘Hamilton’s characteristic function’. For more detailed explanations and discussions
of Hamilton’s work in this field see Klimeš (2009). Klimeš also
extended Hamilton’s treatment of the characteristic function by the
equations of geodesic deviations in Cartesian coordinates (in seismic literature and also in this paper called the dynamic ray tracing
equations) and derived the relations between the 6 × 6 ray propagator matrix of dynamic ray tracing in Cartesian coordinates and
the second-order spatial derivatives of the Hamilton’s characteristic
function. The second-order spatial derivatives of the characteristic
function can be used to compute the two-point paraxial traveltime
T(R , S  ), with the second-order accuracy in terms of the distances
S  − S and R − R. The approach requires to compute the 6 × 6 ray
propagator matrix in Cartesian coordinates. In this paper, however,
we use mostly the 4 × 4 ray propagator matrix in ray-centred coordinates, supplemented by transformation equations to Cartesian
coordinates at points S and R, to compute T(R , S  ). Only in Section 5, we discuss briefly an alternative approach based on the direct
use of 6 × 6 ray propagator matrices in Cartesian coordinates.
For isotropic inhomogeneous media, the equation for the twopoint paraxial traveltime T(R , S  ) between points S  and R specified in Cartesian coordinates, was first presented by Červený et al.
(1984). The points S  and R were situated in a paraxial vicinity of
the reference ray , along which the dynamic ray tracing in raycentred coordinates was performed and the 4 × 4 ray propagator
matrix in ray-centred coordinates was determined. See also Červený
(2001, eq. 4.9.24), where the derivation is given in a greater detail.
Closely related methods based on paraxial approximation of traveltime have been used in the theory of optical systems (e.g. Luneburg
1964), and in analogous theory of seismic systems (e.g. Bortfeld
1989; Hubral et al. 1992). The applications in optics and seismic
exploration are, however, different. In optics, where the function
T(R , S  ) is often called the two-point eikonal, the theory of optical systems is used primarily in the design of optical instruments.
In seismology, the seismic systems represent the geological structures of the Earth explored by seismic waves. See also the surfaceto-surface formalism, in which the points S and S  are situated
close to each other on some anterior surface, and points R and R
close to each other on some posterior surface (Hubral et al. 1992;
Schleicher et al. 1993; Červený 2001; Červený & Moser 2007).
The method presented here represents an extension of the surfaceto-surface formalism, in which the points S  and R are also situated
close to points S and R, respectively, but in a 3-D paraxial vicinity

of S and R. No anterior and posterior surfaces are considered. The
positions of points S  , R , S and R are specified in global Cartesian
coordinates.
The two-point paraxial traveltime T(R , S  ) may be used in many
applications in seismology and seismic exploration; practically in all
situations, where the traveltime of seismic waves plays an important
role. It may be used when only a single reference ray is considered.
From the equation for T(R , S  ), we can also simply determine the
Taylor series for T 2 (R , S  ) up to the quadratic terms. The latter is
exact for an isotropic homogeneous medium. Thus, it is expected
that the use of expressions for traveltime squared in weakly inhomogeneous media, either isotropic or weakly anisotropic, may provide
highly accurate results. The formulae for two-point paraxial traveltime and its square have useful applications in seismic prospecting
and seismology. As examples we mention seismic depth migration
and velocity analysis (Gjøystdal et al. 1984; Buske et al. 2009),
the common-reflection surface (CRS) method (Hubral et al. 1998),
Kirchhoff modelling and migration (e.g. Gjøystdal et al. 2007;
Alkhalifah & Fomel 2010), common-angle migration (BrandsbergDahl et al. 2003), Fresnel-volume modelling (Červený & Soares
1992) and microearthquake location (Gharti et al. 2010). A certain
disadvantage is that the method is based on extrapolation of the
traveltime from a reference ray  so that its accuracy is lower in
regions where the structure is strongly varying.
Briefly to the content of the paper. As the non-orthogonal raycentred coordinates are used broadly in the paper, Section 2 is used
to introduce their covariant and contravariant basis vectors and the
4 × 4 ray propagator matrix in this coordinate system. Ray tracing
and dynamic ray tracing equations, however, are not presented here,
as they are well described in the referred literature. In Section 3, we
show how the 4 × 4 ray propagator matrix in ray-centred coordinates can be used to compute the second derivatives of the paraxial
traveltimes with respect to ray-centred coordinates and the twopoint paraxial traveltimes T(R , S  ), with points R and S  situated
in planes tangent to the wavefront at R and S, respectively. A useful
formula for T 2 (R , S  ) is also given. In Section 4, we explain how the
second derivatives of two-point paraxial traveltimes with respect to
ray-centred coordinates can be transformed to second derivatives
of two-point paraxial traveltimes with respect to Cartesian coordinates. Section 4 also contains final equations for the two-point
paraxial traveltime T(R , S  ), where the paraxial points S  and R are
specified in Cartesian coordinates, with points S and R situated on
the reference ray . We emphasize here that the points S  , R , S and
R are specified in general Cartesian coordinates, but the dynamic ray
tracing is performed in ray-centred coordinates, and the 4 × 4 ray
propagator matrix is also computed in ray-centred coordinates. In
this section, we also give the expressions for slowness vectors at S 
and R and the formula for T 2 (R , S  ) in the vicinity of the reference
ray . In Section 5, we derive an alternative form of a two-point
paraxial traveltime T(R , S  ) in Cartesian coordinates, in which the
dynamic ray tracing is used directly in Cartesian coordinates and
the 6 × 6 propagator matrix in Cartesian coordinates is computed.
In Section 6, we mention some special cases, and in Section 7 we
discuss possible applications in seismic exploration and seismology.
Finally, in Section 8 we offer some concluding remarks.
In the whole paper, we tacitly assume that the medium, in which
the reference ray  is situated, is 3-D, inhomogeneous, anisotropic
and perfectly elastic. The medium may also contain structural interfaces. In this case, of course, ray tracing and dynamic ray tracing
procedures must take the structural interfaces into account. Such
procedures are, however, now available in existing literature and are
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not discussed here. See, for example, Farra & LeBégat (1995) and
Červený & Moser (2007). It is assumed that the points S and S  are
situated in the same layer (block). The same assumption is made on
points R and R . For the sake of brevity, we call sometimes points
S  and R , situated in paraxial vicinities of S and R, respectively, the
paraxial points.
We use both the componental and matrix notations in the paper.
In the componental notation, the upper-case indices (I, J , K, . . .)
take the values 1 and 2, and the lower-case indices (i, j, k, . . .) the
values 1, 2 or 3. The Einstein summation convention is used. In
the matrix notation, the matrices and vectors are denoted by bold
upright symbols. The vectors are represented by column matrices,
either 3 × 1 or 2 × 1. The scalar product of vectors a and b reads
aT b, the dyadics reads abT , where the superscript T denotes the
transpose. In matrix notation, we also use notation A−1 for the
inverse of matrix A, and A−T for the transpose of the inverse of
matrix A. The dimensions of matrices are mostly explained in the
text in places where the matrices are used.

by the following transformation relation with respect to Cartesian
coordinates x ≡ (x1 , x2 , x3 ):
xi (q j ) = xi (τ ) + Hi M (τ )q M .

Here we briefly describe quantities needed in the computation of
paraxial slowness vectors and two-point paraxial traveltimes in
anisotropic inhomogeneous media. These quantities are obtained
by ray tracing of the reference ray  and by dynamic ray tracing
along the reference ray. Ray tracing and dynamic ray tracing are well
described in seismological literature, and are not discussed here.
For anisotropic inhomogeneous media, see, for example, Babich
(1961), Červený (1972), Gajewski & Pšenčı́k (1987, 1990), Farra
& Madariaga (1987), Klimeš (1994), Farra & Le Bégat (1995),
Chapman (2004), Iversen (2004), Klimeš (2006b) and Červený
et al. (2007). Particularly detailed treatment, including additional
literature, can be found in Červený (2001). In this section, we only
introduce and define the quantities needed in the following sections.

We consider the eikonal equation in the Hamiltonian form
H(xi , p j ) = 12 .

(1)

The Hamiltonian H is a function of Cartesian coordinates xi and of
the Cartesian components pj of the slowness vector p. We assume
that H(xi , p j ) is a homogeneous function of the second degree
in pj . In this case, the parameter τ along a ray  corresponding
to this Hamiltonian is a traveltime. The slowness vector p(τ ) is
perpendicular to the wavefront at any point of . The reference ray
 is specified by the initial conditions xi0 and pi0 at an initial point.
On the ray , we select two arbitrarily situated points S and R.
At any point along the ray , specified by parameter τ , ray tracing
yields the Cartesian coordinates xi (τ ) of that point, and the quantities pi (τ ), Ui (τ ) and ηi (τ ), which are the Cartesian components
of the slowness vector p(τ ), ray-velocity vector U (τ ) = dx(τ )/dτ
and vector η(τ ) = dp(τ )/dτ , respectively. The slowness vector p
satisfies the relation pT (τ ) U (τ ) = 1 at any point of .

H = (e1 , e2 , e3 = U ) .

Hi M = ∂ xi /∂q M = e Mi ,

(5)

where eMi is the ith Cartesian component of the basis vector eM .
The basis vectors e1 , e2 may be introduced in several ways (Klimeš
2006a). Here we introduce them as two mutually perpendicular
unit vectors, perpendicular to p, and thus tangent to the wavefront
at its intersection with the reference ray . In anisotropic media,
vectors e1 and e2 are not generally perpendicular to U . One of the
basis vectors e1 and e2 can be determined by solving the ordinary
differential equation (Klimeš 2006a, see also Červený et al. 2007)
(6)

along the ray . The other basis vector can then be calculated using
the orthogonality of e1 , e2 and p. For example, when e1 is calculated
using (6), e2 is obtained from the relation
e2 = p × e1 /|p × e1 | .

(7)

It is useful to consider the 3 × 3 transformation matrix H from
Cartesian xi to ray-centred coordinates qm :
H mi = ∂qm /∂ xi .

(8)

The elements of 3 × 3 matrices H and H satisfy the relation
H mi Hin = δmn .

(9)

The matrices H and H are inverses of each other. Rows of 3 × 3
matrix H consist of covariant basis vectors f1 , f2 , f3 of the ray-centred
coordinate system:

2.2 Ray-centred coordinate system

where

The non-orthogonal ray-centred coordinate system q ≡ (q1 , q2 ,
q3 = τ ) is connected with the reference ray . It is introduced

H Mi = ∂q M /∂ xi = f Mi ,
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(4)

Consequently,

H ≡ (f1 , f2 , f3 = p)T ,


C

(3)

Columns of matrix H are contravariant basis vectors e1 , e2 , e3 of
the ray-centred coordinate system



de I
= −(pT p)−1 eTI η p
dτ

2.1 Quantities computed by ray tracing

(2)

The reference ray  is specified by eq. (2) for qM = 0, and represents the τ -coordinate line, so that q3 represents the time variable
τ along the reference ray . Coordinates q1 , q2 are 2-D Cartesian
coordinates which specify uniquely the position of a point in the
plane  τ perpendicular to the slowness vector of the reference ray
 at a given time τ . In anisotropic media, the coordinate system
q1 , q2 , q3 is non-orthogonal, as the reference ray is not perpendicular to the plane  τ . In isotropic media, the coordinate system q1 ,
q2 , q3 is orthogonal, but not orthonormal. If we, however, consider
only the two ray-centred coordinates q1 , q2 in the plane  τ , the
2-D Cartesian coordinate system q1 , q2 in the plane  τ is always
orthonormal.
The 3 × 3 matrix H represents the transformation matrix from
ray-centred qm to Cartesian xi coordinates,
Him = ∂ xi /∂qm .

2 R AY T R A C I N G A N D D Y N A M I C
R AY T R A C I N G
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and f Mi is the ith Cartesian component of the covariant basis vector
fM . The covariant basis vectors fm can be calculated simply from
the contravariant basis vectors eI and U and p using the relations
e2 × U
= C −1 (e2 × U ) ,
U (e1 × e2 )
U × e1
f2 = T
= C −1 (U × e1 ) , f3 = p .
U (e1 × e2 )
f1 =

T

(12)

Here C is the phase velocity of the wave under consideration, C =
1/|p| . Thus, the contravariant basis vectors e1 , e2 are perpendicular
to the slowness vector p, and the covariant basis vectors f1 , f2 are
perpendicular to the ray-velocity vector U at any point of the ray
. Vectors ei and fi satisfy the relation
eiT f j = δi j

(13)

at any point of the reference ray . Eq. (13) is identical to (9).

2.3 Propagator matrix in ray-centred coordinates
Let us now consider an orthonomic system of rays, in which each
ray is specified by two ray parameters γ 1 , γ 2 . The ray parameters
γ 1 , γ 2 may be chosen in different ways; they may represent the
take-off angles at a point source, curvilinear Gaussian coordinates
of initial points of rays at a specified initial surface, etc. Along a
selected reference ray, we introduce the 2 × 2 matrices Q(q) and
(q)
(q)
(q)
P(q) , with elements Q I J = ∂q I /∂γ J , PI J = ∂ p I /∂γ J , where
(q)
p I = ∂ T /∂q I are slowness vector components in ray-centred
(q)
(q)
(q)
coordinates. The expressions Q I J and PI J show how qI and p I
vary when parameters γ 1 , γ 2 change (i.e. from one paraxial ray
to another). The 2 × 2 matrices Q(q) and P(q) can be computed by
solving a system of linear ordinary differential equations of the first
order along the reference ray, called the dynamic ray tracing system,
or also the paraxial ray tracing system (Klimeš 1994).
Let us consider two arbitrary points S and R at the reference ray.
Solving twice the dynamic ray tracing along the reference ray, with
initial condition given at S, once for normalized plane wavefront initial conditions Q(q) (S) = I and P(q) (S) = 0, and once for normalized
point source initial conditions Q(q) (S) = 0, P(q) (S) = I, we obtain
the 4 × 4 propagator matrix (q) (R, S) in ray-centred coordinates
from S to R,
 (q)

(q)
Q1 (R, S) Q2 (R, S)
(q)
,
(14)
 (R, S) =
(q)
(q)
P1 (R, S) P2 (R, S)
subject to initial conditions at the point S:
(q) (S, S) = I ,

(15)

where I is the 4 × 4 identity matrix. For more details on dynamic ray
tracing and on the ray propagator matrix (q) (R, S) in ray-centred
coordinates see, for example, Klimeš (1994) and Červený (2001).
The ray propagator matrix finds many applications in paraxial ray
theory. Among others, it may be used to describe a complete fourparametric system of paraxial rays in the vicinity of the reference
ray between points S and R:
 S 
 R 
q
q
(q)
=  (R, S)
.
(16)
(q)R
p
p(q)S
The 2 × 1 column matrices (2-D vectors) qR , qS , p(q)R and p(q)S are
given by relations

T

q R = q1R , q2R ,
 (q)R (q)R T
p(q)R = p1 , p2
,

T

q S = q1S , q2S ,
 (q)S (q)S T
p(q)S = p1 , p2
.

(17)

The symbols q1R , q2R , q1S and q2S denote the ray-centred coordinates
of the paraxial points R and S  , situated in the planes tangent to
the wavefronts at R and S, respectively. In these planes q form 2-D
(q)R
(q)R
(q)S
Cartesian coordinate systems. The symbols p1 , p2 , p1 and
(q)S
p2 are the corresponding ray-centred components of the slowness
vectors at paraxial points R and S  . We emphasize that the slowness
vectors p(q)R and p(q)S correspond to the paraxial points R and S  ,
not to the reference ray , p(q)R = p(q) (R ), p(q)S = p(q) (S  ). Along
the reference ray, the 2 × 1 column matrices q and p(q) vanish.
Eq. (16) may be used both for initial-value ray tracing and for
two-point ray tracing of paraxial rays.
In the ‘initial-value ray tracing’ for paraxial rays, the quantities
qS and p(q)S are given and the quantities qR and p(q)R are computed.
In other words, the position of the point S  (expressed in ray-centred
coordinates q IS ) and the relevant ray-centred components of the
(q)S
slowness vector at S  ( p I ) are given, and the position of the point

R (expressed in ray-centred coordinates q IR ) and the relevant ray(q)R
centred components of the slowness vector at R ( p I ) are com
puted. Consequently, the position of the point R is not known in
advance, its coordinates qR are computed using (16).
Eq. (16) can be also used for ‘two-point ray tracing’ of paraxial
rays, from S  to R . In this case, the ray-centred coordinates qS of
point S  and qR of point R are given, and slowness vectors p(q)S and
p(q)R are not known, but sought. They are functions of both qR and
qS :




(18)
p(q)S = p(q)S q R , q S , p(q)R = p(q)R q R , q S .
The relevant two-point paraxial traveltime T(R , S  ) from S  to R is
also a function of both qR and qS :


(19)
T (R  , S  ) = T q R , q S .
The relations between the two-point paraxial traveltime (19) and
ray-centred components of the slowness vectors (18) are as follows:




∂ T q R , qS
∂ T q R , qS
(q)R
(q)S
= pI ,
= − pI .
(20)
∂q IR
∂q IS
The first equation in (20) applies to the plane tangent to the wavefront at R, and the second equation to the plane tangent to the
wavefront at S. Note the sign minus in the second equation of
(20). Eqs (20) for the relations between the two-point traveltime
(q)R
T(qR , qS ) and the components of the relevant slowness vectors p I
(q)S
and p I have been well known in optical literature for a long time.
In Cartesian coordinates, they were discussed in detail already by
Hamilton in his studies of characteristic functions (Hamilton 1837).
His discussion, however, does not include ray propagator matrices,
which were not known in that time. Consequently, he was not able to
derive equations for the two-point paraxial traveltime (i.e. the characteristic function in the vicinity of some known reference ray),
as we do it in this paper. See also Arnaud (1971, eqs 1a, 1b) and
Klimeš (2009, eqs 32 and 33).
3 T W O - P O I N T PA R A X I A L T R AV E LT I M E
I N R AY- C E N T R E D C O O R D I N AT E S
In this section, we derive important auxiliary formulae, which are
used in the next section for the derivation of two-point paraxial
traveltime formula between points arbitrarily chosen in paraxial
vicinities of points S and R. We use eqs (16) and (20) to determine
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the two-point paraxial traveltime T(R , S  ) between points S  and
R situated in planes tangent to the wavefronts at S and R on ,
respectively, and specified by ray-centred coordinates qS and qR . We
assume that the points S  and R are situated in paraxial vicinities of
S and R, respectively.
We assume that qS and qR are given and we use (16) to determine
(q)S
p and p(q)R . For this purpose, we rewrite (16) into the form
(q)

(q)

q R = Q1 q S + Q2 p(q)S ,
(q)

(q)

p(q)R = P1 q S + P2 p(q)S .

(21)

Eqs (21) then yield
(q)−1

Q1 q S + Q2

(q)−T

q S + P2 Q2

p(q)S = −Q2
p(q)R = −Q2

(q)

(q)−1 R

(q)

(q)−1

q ,

qR .

(22)

(q)

We assume that Q2 is invertible at R, that is, that there is not
caustics at R. In the derivation of (22), we used the symplectic prop(q)
(q) (q)−1 (q)
erties of the propagator matrix (14), namely P1 − P2 Q2 Q1 =
(q)−T
, see Červený (2001, eq. 4.3.16).
−Q2
From (22) with (20), we can also simply determine the second
partial derivatives of the two-point paraxial traveltime T(qR , qS )
with respect to ray-centred coordinates q IR and q IS . We obtain


∂ 2 T q R , qS
∂  (q)S   (q)−1 (q) 
− pI
= Q2 Q1 I J ,
=
S
S
∂q I ∂q J
∂q JS


∂ 2 T q R , qS
∂  (q)R   (q) (q)−1 
pI
= P2 Q2
=
,
R
R
IJ
∂q I ∂q J
∂q JR


∂ 2 T q R , qS
∂  (q)S  
(q)−1 
− pI
= − Q2
=
,
S
R
R
IJ
∂q J
∂q I ∂q J


∂ 2 T q R , qS
∂  (q)R  
(23)
(q)−T 
pI
= − Q2
=
.
S
R
IJ
∂q I ∂q J
∂q JS
The expressions for the second derivatives of T(qR , qS ) do not
depend on ray-centred coordinates qR and qS . Actually, they can be
expressed in terms of the 2 × 2 submatrices of the ray propagator
matrix (14), computed along the reference ray .
As we know expressions for the first and second partial derivatives
of T(qR , qS ), we can write the Taylor expansion for T(qR , qS ) in
terms of q IR and q IS (I, J = 1, 2), up to the quadratic terms:
 
 


 R S
∂ T q R , qS
∂ T q R , qS
S
R
+ qI
T q , q = T (R, S) + q I
∂q IR
∂q IS






 R S 
2
∂
T
q
,
q
1 R ∂ 2 T q R , qS
1
+ qI
q JR + q IS
q JS
2
2
∂q IR ∂q JR
∂q IS ∂q JS





 R S 

2
∂
T
q
,
q
1 S ∂ 2 T q R , qS
1
+ qI
q JR + q IR
q JS .
2
2
∂q IS ∂q JR
∂q IR ∂q JS




(24)
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(19), we finally obtain the following:
 (q) (q)−1  R
T (R  , S  ) = T (R, S) + 12 q IR P2 Q2
q
IJ J



(q)−1 (q)
(q)−1 
+ 12 q IS Q2 Q1 I J q JS − q IS Q2
qR .
IJ J

(26)

This can be rewritten in a matrix form
 T (q) (q)−1
T (R  , S  ) = T (R, S) + 12 q R P2 Q2 q R
 T (q)−1 (q)
 T (q)−1
+ 12 q S Q2 Q1 q S − q S Q2 q R .

(27)

A similar approach as presented here to derive T(R , S  ) for inhomogeneous anisotropic media was used by Arnaud (1971) and by
Červený (2001) for inhomogeneous isotropic media. Note that there
is no linear term in q in (27) because of the definition of ray-centred
coordinates.
Let us emphasize again that eqs (26) and (27) are applicable
only if the points R and S  are situated in planes tangent to the
wavefronts at R and S, respectively. The situation that R and S 
are situated arbitrarily in the vicinity of R and S will be treated in
Section 4.
By squaring (27) and discarding terms of higher order than two,
we can easily derive an approximate relation for T 2 (R , S  ):

(q) (q)−1
T 2 (R  , S  ) = T 2 (R, S) + T (R, S) (q R )T P2 Q2 q R
(q)−1

+ (q S )T Q2

(q)

(q)−1

Q1 q S − 2(q S )T Q2

qR .

(28)

(q)

Note that the 2 × 2 submatrix P1 is not needed in the computation
of T(R , S  ) and T 2 (R , S  ) because of the symplectic properties of
ray propagator matrix (14).
4 T W O - P O I N T PA R A X I A L T R AV E LT I M E
I N C A RT E S I A N C O O R D I N AT E S
We now use the ray propagator matrix (14) in ray-centred coordinates to derive the equation for the two-point paraxial traveltime
T(R , S  ) and for the corresponding paraxial slowness vectors in
Cartesian coordinates. In this case the points R and S  can be situated arbitrarily in the 3-D paraxial vicinity of R and S, respectively.
It is not required that R and S  are situated in a plane tangential to
the wavefront at R and S, as in ray-centred coordinates in (26). In the
derivation, we shall need to transform the second-order two-point
traveltime derivatives from ray-centred to Cartesian coordinates.
First, let us write the Taylor expansion for T(R , S  ) in terms of
δxiR and δxiS (i = 1, 2, 3) up to the quadratic terms, where
δxiR = xi (R  ) − xi (R) ,

δxiS = xi (S  ) − xi (S) .

(29)

Similarly as in (24), we can write
∂ T (R  , S  )
∂ xiS






2


2


1
1
∂ T (R , S )
∂ T (R , S )
+ δxiR
δx jR + δxiS
δx Sj
2
2
∂ xiR ∂ x jR
∂ xiS ∂ x Sj




2


∂
T
(R
,
S
)
+ δxiS
δx jR .
(30)
∂ xiS ∂ x jR

T (R  , S  ) = T (R, S) + δxiR

∂ T (R  , S  )
∂ xiR

+ δxiS

All the coefficients in the Taylor series (24) are taken for qR = qS =
0, that is, on the reference ray . This fact is emphasized by the
parentheses with the subscript .
We now take into account that




∂ 2 T q R , qS R
∂ 2 T q R , qS S
S
R
qJ = qI
qJ ,
(25)
qI
∂q IS ∂q JR
∂q IR ∂q JS

Here the two-point traveltime T(R , S  ) is now expressed in terms
of Cartesian coordinates, T (R  , S  ) = T (δxiR , δxiS ). Taking into
account (20), we get for coefficients of linear terms:




∂ T (R  , S  )/∂ xiR  = pi (R) , ∂ T (R  , S  )/∂ xiS  = − pi (S) ,
(31)

and that the linear terms in (24) vanish, as p(q)R = p(q)S = 0 on the
reference ray . When we insert (23) into (24) and use the notation

where pi (R) and pi (S) are components of slowness vectors on the
reference ray , at R and S, respectively.
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It remains to determine the coefficients of the quadratic terms.
They can be determined by transforming the second-order twopoint traveltime derivatives in ray-centred coordinates to secondorder two-point traveltime derivatives in Cartesian coordinates. The
corresponding transformation relations were derived in Červený &
Klimeš (2010, eqs 23 and 36), and at the point R read
∂2T
∂q NR
∂q R
∂ 2 q3
∂2T
= MR
+
.
R
R
R
R
R
∂ xi ∂ x j
∂ xi ∂q M ∂q N ∂ x j
∂ xiR ∂ x jR

(32)

It is further shown there that the term
∂ 2 q3
=
∂ xiR ∂ x jR

i j (R)

(33)

can be expressed as
i j (R)

= ( pi η j + p j ηi − pi p j Uk ηk ) R .

(34)

Let us emphasize again that eq. (40) gives the expression for the
two-point paraxial traveltime T(R , S  ) in Cartesian coordinates (29),
(q)
(q)
(q)
but uses the 2 × 2 submatrices Q1 , Q2 and P2 of the 4 × 4 ray
propagator matrix (14) in ray-centred coordinates. The knowledge
of the 6 × 6 ray propagator matrix in Cartesian coordinates is
not required here. See Section 5 for an alternative derivation of
T(R , S  ) in Cartesian coordinates using the 6 × 6 ray propagator
matrix in Cartesian coordinates.
It may be useful to introduce 3 × 3 matrices of second derivatives
of traveltime FRR , FSS and FSR , with elements
 (q) (q)−1 
R
P2 Q2
fR ,
FiRj R = f Mi
MN Nj
 (q)−1 (q) 
S
Q1 M N f NS j ,
FiSS
j = f Mi Q2

(q)−1 
S
fR .
Q2
FiSj R = f Mi
MN Nj

(41)

Then the expression (40) for the two-point paraxial traveltime
T(R , S  ) can be expressed in a simple final form

Eq. (32) can be then rewritten as
∂2T
∂2T
R
= f Mi
fR +
R
R
∂ xi ∂ x j
∂q MR ∂q NR N j

i j (R)

,

(35)

where we took into account relations (11). The Cartesian components of vectors p, U and η at R in (34) are known from ray tracing
so that ij (R) may be easily computed at any point of the reference
ray . Note that ij (R) = ji (R). The transformation relation at the
point S is quite analogous:
∂2T
∂2T
S
= f Mi
fS −
S
S
∂ xi ∂ x j
∂q MS ∂q NS N j

i j (S)

,

(36)

where
i j (S)

= ( pi η j + p j ηi − pi p j Uk ηk ) S ,

(37)

and where we took into account (20) when specifying the sign at
ij (S).
The transformation relations for the mixed second derivatives
∂ 2 T /∂ xiR ∂ x Sj are simpler. It is obvious that the term ∂ 2 q3S /∂ xiR ∂ x Sj
is zero because the coordinate q3S of the point S does not depend on
the coordinates xiR of the point R. Consequently, at the point R, we
obtain
∂2T
∂2T
R
= f Mi
fS .
S
R
∂ xi ∂ x j
∂q MR ∂q NS N j

(38)

The same holds for q3R differentiated with respect to xiS . Consequently, we obtain
∂2T
∂2T
S
= f Mi
fR .
S
R
∂ xi ∂ x j
∂q MS ∂q NR N j

(39)

We can now insert (31), (35), (36), (38) and (39) into (30) and
replace the second derivatives of the two-point traveltime field by the
submatrices of the ray propagator matrix in ray-centred coordinates
using (23). This yields
T (R  , S  ) = T (R, S) + δxiR pi (R) − δxiS pi (S)
 R (q) (q)−1
(P2 Q2 ) M N f NRj +
+ 12 δxiR f Mi

(q)−1 (q)
S
+ 12 δxiS f Mi
(Q2 Q1 ) M N f NS j −
 S
(q)−1
− δxiS f Mi
(Q2 ) M N f NRj δx jR .

i j (R)

δx jR

i j (S)

δx Sj
(40)

T (R  , S  ) = T (R, S) + δxiR pi (R) − δxiS pi (S)



+ 12 δxiR FiRj R + i j (R) δx jR + 12 δxiS FiSS
j −

i j (S)

 S
δx j

− δxiS FiSj R δx jR .

(42)

Here pi (R), pi (S), ij (R) and ij (S) are known from ray tracing,
(q)
(q)
(q)
Q1 , Q2 and P2 from dynamic ray tracing along . The vectors
S
R
f M and f M can be computed as described in Section 2.2, eqs (6), (7)
and (12).
Similarly as in (28), we can easily compute the relation for
T 2 (R , S  ) from (42):

2
T 2 (R  , S  ) = T (R, S) + δxiR pi (R) − δxiS pi (S)




+ T (R, S) δxiR FiRj R + i j (R) δx jR + δxiS FiSS
j −
− 2δxiS FiSj R δx jR .

i j (S)

 S
δx j
(43)

Using eq. (42) for a two-point paraxial traveltime T(R , S  ), and
remembering that, because of (20), derivatives with respect to xiS
must be taken with opposite signs, we can simply derive expressions
for the paraxial slowness vectors at S  and R . We obtain
pi (R  ) = ∂ T (R  , S  )/∂ xiR

= pi (R) + FiRj R +
pi (S  ) = −∂ T (R  , S  )/∂ xiS

= pi (S) − FiSS
j −

i j (R)

i j (S)

δx jR − F jiS R δx Sj ,

δx Sj + FiSj R δx jR .

(44)

As we can see from (40), the two-point paraxial traveltime
T(R , S  ) in Cartesian coordinates is expressed in terms of covariant
basis vectors f1R , f2R , f1S and f2S , perpendicular to the reference ray
 at R and S.
A brief note to the eq. (42). As we can see from it, the elements
FiSj R of the 3 × 3 matrix FSR represent the mixed second-order partial derivatives of T(R , S  ) with respect to Cartesian coordinates
δxiS and δx jR . We speak of mixed second-order derivatives as they
are related to both points S and R. The mixed second-order partial derivatives FiSj R can be used to determine the 2 × 2 matrix of
(q)
geometrical spreading Q2 [see the last equation in (41)] needed
in the computation of ray amplitudes along the reference ray. Consequently, the geometrical spreading can be determined from the
actual paraxial traveltime measurements at S and R; the dynamic
ray tracing along the reference ray is not necessary.
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5 A LT E R N AT I V E F O R M O F T W O - P O I N T
PA R A X I A L T R AV E LT I M E F O R M U L A
I N C A RT E S I A N C O O R D I N AT E S
In this section, the dynamic ray tracing and 6 × 6 propagator matrix
in Cartesian coordinates are used for the direct derivation of the
two-point paraxial traveltime formula in Cartesian coordinates. No
transformations are, therefore, required.
Let us denote the 6 × 6 ray propagator matrix in Cartesian coordinates between points S and R on the reference ray by (x) (R, S).
It corresponds to Hamiltonian function (1), and can be expressed as
 (x)

(x)
Q1 (R, S) Q2 (R, S)
.
(45)
(x) (R, S) =
(x)
(x)
P1 (R, S) P2 (R, S)
(x)

(x)

(x)

(x)

Here the submatrices Q1 , Q2 , P1 and P2 are of the size 3 × 3.
To emphasize the difference between the 6 × 6 ray propagator
matrix (x) (R, S) in Cartesian coordinates given in (45) and the 4 ×
4 ray propagator matrix (q) (R, S) in ray-centred coordinates given
in (14), we use the superscripts (x) and (q). The same superscripts
(x)
(x)
(x)
(x)
are used in the 3 × 3 submatrices Q1 , Q2 , P1 and P2 in Cartesian
(q)
(q)
(q)
coordinates in (45) and in the 2 × 2 submatrices Q1 , Q2 , P1 and
(q)
P2 in ray-centred coordinates in (14).
Let us now evaluate coefficients of the Taylor expansion (30) for
T(R , S  ) using the matrix (x) (R, S). Coefficients of linear terms
follow again from (31). For coefficients of quadratic terms, we can
use results derived by Klimeš (2009, equations 34– 36), and obtain


 (x)
∂ 2 T (R  , S  )
(x)−1
= P2 (R, S)Q2 (R, S) i j
R
R
∂ xi ∂ x j






∂ 2 T (R  , S  )
∂ xiS ∂ x Sj

∂ 2 T (R  , S  )
∂ xiS ∂ x jR



− T −1 (R, S) pi (R) p j (R) ,
 (x)−1
(x)
= Q2 (R, S)Q1 (R, S)

ij






− T −1 (R, S) pi (S) p j (S) ,

(x)−1
= − Q2 (R, S)

ij

+ T −1 (R, S) pi (S) p j (R) .
(46)

Here pi (S) and pi (R) are Cartesian components of the slowness
vector on the reference ray, at points S and R. The terms with
T −1 (R, S) in (46) have an origin in the non-eikonal solutions of
dynamic ray tracing equations included in the 6 × 6 ray propagator
matrix (45). The expressions (46) become singular for R → S be(x)
cause Q2 (R, S) → 0 and T(R, S) → 0. Inserting (31) and (46) to
(30), we get the final equation for T(R , S  ) in Cartesian coordinates:
T (R  , S  ) = T (R, S) + δxiR pi (R) − δxiS pi (S)
 (x) (x)−1 

1
1
2
− T −1 (R, S) δxiR pi (R) − δxiS pi (S) + δxiR P2 Q2
δx jR
ij
2
2
 (x)−1 (x) 
 (x)−1 
1
(47)
+ δxiS Q2 Q1 i j δx Sj − δxiS Q2
δx jR .
ij
2
This is an alternative form of eq. (40). Similarly as the expressions
in (46), the expression (47) is singular for R → S. In contrast to (26),
the linear terms in (47) are, in general, non-vanishing, similarly as
in (42). Eq. (47) does not require knowledge of vectors fM at S and
(x)
(x)
R. On the other hand, evaluation of 3 × 3 matrices Q1 , Q2 and
(x)
P2 requires solution of 36 dynamic ray tracing equations along
(q)
(q)
(q)
the reference ray . In case of 2 × 2 matrices Q1 , Q2 and P2
used in (40), it is only 16 dynamic ray tracing equations, plus three
additional equations covering the propagation of basis vectors along
the ray, eq. (6).
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Neglecting the terms of the order higher than two in δxiS , δx jR , we
get from (47) the expression for the two-point paraxial traveltime
squared:

T 2 (R  , S  ) = T 2 (R, S) + 2T (R, S) δxiR pi (R) − δxiS pi (S)
 (x) (x)−1 
 (x)−1 (x) 

δx jR + δxiS Q2 Q1 i j δx Sj
+ T (R, S) δxiR P2 Q2
ij
 (x)−1 
(48)
− 2δxiS Q2
δx jR .
ij
Eq. (48) represents an alternative form of eq. (43). We can see that
it has simpler form than (47), and it is also simpler than (43). In
contrast to expressions (42), (43) and (47), coefficients of quadratic
terms in (48) do not depend explicitly on slowness vectors p(S)
and p(R). Coefficients of quadratic terms in (48) depend solely on
submatrices of the ray propagator matrix (x) (R, S) multiplied by
T(R, S).
We observe that eq. (48) is analogous to eq. (28) in the way the
coefficients of quadratic terms depend on the relevant submatrices of the ray propagator matrix ((x) (R, S) or (q) (R, S)). While
eq. (28) allows calculation of the two-point traveltime squared
T 2 (R , S  ) only between points S  and R situated in planes tangent to wavefronts at points S and R, eq. (48) allows calculation of
T 2 (R , S  ) between points S  and R arbitrarily chosen in vicinities
of S and R, respectively.
From eq. (47), we can obtain expressions for the paraxial slowness
vectors p(S  ) and p(R ):

pi (R  ) = pi (R) − T −1 (R, S) pi (R) p j (R)δx jR − p j (S)δx Sj
 (x) (x)−1 
 (x)−1 
+ P2 Q2
δx jR − Q2
δx Sj ,
ij
ji

pi (S  ) = pi (S) − T −1 (R, S) pi (S) p j (R)δx jR − p j (S)δx Sj
 (x)−1 (x) 
 (x)−1 
(49)
− Q2 Q1 i j δx Sj + Q2
δx jR .
ij
By differentiating eq. (48) it is straightforward to obtain corresponding equations for paraxial slowness vectors associated with
the two-point traveltime squared.
6 SPECIAL CASES
Eqs (42) and (47) for the two-point paraxial traveltime T(R , S  )
derived using the ray propagator matrices in ray-centred and Cartesian coordinates, respectively, and related eqs (44) and (49) for the
paraxial slowness vectors p(R ) and p(S  ), are very general. They
simplify in some special cases. Here we consider several such cases.
6.1 Homogeneous anisotropic media
For homogeneous anisotropic media, vector η = dp(τ )/dτ = 0, as
p(τ ) remains constant along the ray. Consequently, the terms ij (R)
and ij (S) in (42) and (44) become also zero, see (34) and (37).
(q)
(q)
Further, for the 2 × 2 submatrices Q1 (R, S) and P2 (R, S) of the
(q)
(q)
4 × 4 ray propagator matrix (14) we get Q1 = I and P2 = I. The
only varying submatrix of (14), which appears in (42) and (44), is
(q)
Q2 (R, S). If we take into account that p(R) = p(S) and f MR = f MS ,
eqs (42) and (44) yield simplified relations.


T (R  , S  ) = T (R, S) + pi (S) δxiR − δxiS
 (q)−1 



S
Q2
f S δxiR − δxiS δx jR − δx Sj ,
+ 12 f Mi
MN Nj
(50)
and

 (q)−1 


S
Q2
f S δx jR − δx Sj ,
pi (R  ) = pi (S  ) = pi (S) + f Mi
MN Nj

(51)
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(q)

(q)

where Q2 = Q2 (R, S) is symmetric. We can see that the slowness
vectors at S  and R are identical since the ray  is, similarly as ,
a straight line. If δxR = δxS , we find that T(R , S  ) = T(R, S) and
p(R ) = p(S  ) = p(R) = p(S); the rays  and  are parallel and the
traveltime between R and S  equals the traveltime between R and S.
Eq. (47) reduces for a homogeneous anisotropic medium to


T (R  , S  ) = T (R, S) + pi (S) δxiR − δxiS
2


− 12 T −1 (R, S) pi (S) δxiR − δxiS
 (x)−1   R


δxi − δxiS δx jR − δx Sj .
+ 12 Q2
(52)
ij
(x)

(x)

Here Q2 = Q2 (R, S) is 3 × 3 upper right submatrix of the
6 × 6 ray propagator matrix (x) (R, S). The symmetric submatrix
(x)
Q2 is the only varying submatrix appearing in (52). For subma(x)
(x)
(x)
(x)
trices Q1 (R, S) and P2 (R, S) we have Q1 = P2 = I, and the
(x)
submatrix P1 (R, S) is not needed in (52). In (52), we took into
account that p(R) = p(S). For the slowness vectors at R and S  we
get
pi (R  ) = pi (S  ) = pi (S)

 R


S
−T −1 (R, S) pi (S) p j (S) δx jR − δx Sj + (Q−1
2 )i j δx j − δx j .

(53)

6.3 Coinciding R and R
For δxiR = 0 (e.g. a point source at R), we obtain from (42)

1
T (R, S  ) = T (R, S) − δxiS pi (S) + δxiS FiSS
j −
2

i j (S)

 S
δx j .
(58)

For paraxial slowness vector components we obtain from (44)
pi (R  ) = pi (R) − F jiS R δx Sj ,

S
pi (S  ) = pi (S) − FiSS
i j (S) δx j .
j −

(59)

Here pi (R ) denotes pi taken at R, but corresponding to the paraxial
ray  connecting S  with R.
Eq. (47) yields in this case

1
T (R  , S  ) = T (R, S) − δxiS pi (S) − T −1 (R, S) p j (S)δx Sj
2
 (x)−1 (x) 
+ 12 δxiS Q2 Q1 i j δx Sj .

2

(60)

The expressions for the slowness vector components have now the
form
 (x)−1 
δx Sj ,
pi (R  ) = pi (R) + T −1 (R, S) pi (R) p j (S)δx Sj − Q2
ij

(x)−1 (x) 
pi (S  ) = pi (S) + T −1 (R, S) pi (S) p j (S)δx Sj − Q2 Q1 i j δx Sj .
(61)


6.2 Coinciding S and S
For δxiS = 0 (e.g. a point source at S), eq. (42) simplifies considerably:


T (R  , S) = T (R, S) + δxiR pi (R) + 12 δxiR FiRj R + i j (R) δx jR .
(54)
Similarly, the expressions for the paraxial slowness vector components (44) also simplify when δxiS = 0,

pi (R  ) = pi (R) + FiRj R + i j (R) δx jR ,
pi (S  ) = pi (S) + FiSj R δx jR .

(55)

Here pi (S  ) denotes the slowness vector taken at S, but corresponding
to the paraxial ray  connecting S with R .
From eq. (47) we get in this case

2
T (R  , S  ) = T (R, S) + δxiR pi (R) − 12 T −1 (R, S) p j (R)δx jR
 (x) (x)−1 
+ 12 δxiR P2 Q2
δx jR .
(56)
ij
The expressions for the slowness vector components attain the form
pi (R  ) = pi (R) − T −1 (R, S) pi (R) p j (R)δx jR
 (x) (x)−1 
+ P2 Q2
δx jR ,
ij

 (x)−1 
pi (S  ) = pi (S) − T −1 (R, S) pi (S) p j (R)δx jR + Q2
δx jR .
ij
(57)

Again, pi (S  ) denotes the slowness vector taken at S, but corresponding to the paraxial ray  connecting S with R .
Note that there is no need to compute submatrices Q1 and P1
of the ray propagator matrix for a point source situated at S since
submatrices Q2 and P2 are computed independently. Consequently,
the number of differential equations in dynamic ray tracing system
is reduced from 16 to 8 in ray-centred coordinates and from 36 to
18 in Cartesian coordinates.

Again, pi (R ) denotes the slowness vector taken at R, but corresponding to the paraxial ray  connecting S  with R.
Note that computation of submatrices Q1 and Q2 of the ray propagator matrix for a point source situated at R requires computation
of submatrices P1 and P2 . Consequently, the number of differential
equations in dynamic ray tracing system cannot be reduced in this
case.
6.4 Points S and/or R in planes tangent to wavefronts
at S and/or R
Consider point S  situated in the plane tangent to the wavefront at
the point S on the ray . Then we can express δxiS in the following
form:
δxiS = q NS e NS i .
Here N = 1, 2, and
the plane. Then

(62)
q1S

δxiS pi (S) = 0 , δxiS

and

q2S

specify the position of the point S  in

S
i j (S)δx j

=0,

(63)

as the slowness vector at the point S is always perpendicular to e1S
and e2S . Further, using (13), we obtain
S
S
= q NS e NS i f Mi
= q NS δ N M = q MS .
δxiS f Mi

(64)

Consequently, (42) yields
T (R  , S  ) = T (R, S) + δxiR pi (R)

 (q)−1 (q) 

+ 12 δxiR FiRj R + i j (R) δx jR + 12 q MS Q2 Q1 M N q NS
 (q)−1 
− q MS Q2
δxiR f NRi .
MN


(65)



Quite analogously, we obtain an expression for T(R , S ) if the point
R is situated in the plane tangent to the wavefront at the point R:
T (R  , S  ) = T (R, S) − δxiS pi (S)
 (q) (q)−1 

q R + 12 δxiS FiSS
+ 12 q MR P2 Q2
j −
MN N


(q)−1
S
Q2
− δxiS f Mi
qR .
MN N

i j (S)

 S
δxi
(66)
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For both points S  and R situated in planes tangent to the wavefronts
at S and R, respectively, we obtain
 (q) (q)−1 
T (R  , S  ) = T (R, S) + 12 q MR P2 Q2
qR
MN N


 (q)−1 
(q)−1 (q)
+ 12 q MS Q2 Q1 M N q NS − q MS Q2
qR .
MN N
(67)
Relation (67), of course, fully coincides with (27).
Specification of (47) for this case is simple. If the point S  is
situated in the plane tangent to the wavefront at the point S, then
due to the first equation of (63), eq. (47) yields

2
T (R  , S  ) = T (R, S) + δxiR pi (R) − 12 T −1 (R, S) p j (R)δx jR
 (x) (x)−1 
+ 12 δxiR P2 Q2
δx jR
ij
 (x)−1 (x) 
 (x)−1 
+ 12 δxiS Q2 Q1 i j δx Sj − δxiS Q2
δx jR .
ij
(68)


6.5 Points S and/or R on lines tangent to  at S and/or R
Consider point S  situated on the line tangent to the ray  at S. Then
S
= 0 as the vectors f MS are perpendicular to  at S, and (42)
δxiS f Mi
yields

S
i j (S)δx j

.

(69)

Analogously, we obtain for R situated on the line tangent to the ray
R
= 0 and (42) reduces to
 at R, δxiR f Mi
T (R  , S  ) = T (R, S) + δxiR pi (R) − δxiS pi (S)

+ 12 δxiR i j (R)δx jR + 12 δxiS FiSS
j −


i j (S)

 S
δx j .

(70)



Finally, if both points, S and R are situated on lines tangent to 
at S and R, respectively, (42) reduces to
T (R  , S  ) = T (R, S) + δxiR pi (R) − δxiS pi (S)
+

1
δxiR
2

R
i j (R)δx j

−

1
δxiS
2

S
i j (S)δx j

.

(71)

As we can see from (71), the computation of T(R , S  ) does not require solution of dynamic ray tracing along the reference ray from S
to R and evaluation of the ray propagator matrix (q) (R, S). Eq. (71)
may be useful if we wish to extend moderately the reference ray and
to compute traveltime along it. A straightforward application is the
phenomenon of ‘overshooting’ in Fresnel volumes computations,
see Section 7.4. The expression (47) does not simplify in this case.

6.6 Inhomogeneous isotropic media
In inhomogeneous isotropic media, computations of the two-point
paraxial traveltime T(R , S  ) and of the paraxial slowness vectors p(R ) and p(S  ) is, of course, simpler than in inhomogeneous
anisotropic media. First, the ray tracing and dynamic ray tracing
equations are simpler. They are not presented here, as they are well
known from literature. Secondly, we can take into account that the
ray-velocity vector U is parallel to the slowness vector p:
(q)

U = v2 p , UI = 0 ,

C
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where v is the velocity of P or S waves. Eq. (12) then yields for fI :
f1 = e1 ,

f2 = e2 .

Expressions (41) thus take the form
 (q) (q)−1 
R
FiRj R = e Mi
P2 Q2
eR ,
MN Nj
 (q)−1 (q) 
S
Q1 M N e NS j ,
FiSS
j = e Mi Q2
 (q)−1
S
Q2 ) M N e NR j ,
FiSj R = e Mi

(73)

(74)

and vector η is given by the relation
ηi = −v −1 ∂v/∂ xi .

(75)

Eqs (42) with (74) and (75) represent the two-point paraxial traveltime formula for inhomogeneous isotropic media.
The expression (47) remains formally the same even for an
isotropic medium, only ray tracing and dynamic ray tracing equations simplify.



Analogously, we can obtain the expression for T(R , S ) if the point
R is situated in the plane tangent to the wavefront at the point R.

T (R  , S  ) = T (R, S) + δxiR pi (R) − δxiS pi (S)


+ 12 δxiR FiRj R + i j (R) δx jR − 12 δxiS
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(72)

6.7 Homogeneous isotropic media
We can start from the expression for the two-point paraxial traveltime for a homogeneous anisotropic medium, eq. (50). Explicit
(q)
expression for the 2 × 2 matrix Q2 for a homogeneous isotropic
medium can be found in Červený (2001, eq. 4.8.3):
(q)

Q2 (R, S) = v 2 T (R, S)I .

(76)

If we take into account that p(R) = p(S) and f MR = f MS , and an
obvious relation f Mi f Mj = δ ij − v −2 pi pj , and insert all into eq. (50),
we obtain


T (R  , S  ) = T (R, S) + pi (S) δxiR − δxiS




+ 12 T −1 (R, S) δi j v −2 − pi p j δxiR − δxiS δx jR − δx Sj . (77)
Neglecting the terms of the order higher than two in δxiS , δx jR , we
get from (77) an interesting expression for the two-point paraxial
traveltime squared:


T 2 (R  , S  ) = T 2 (R, S) + 2T (R, S) pi (S) δxiR − δxiS



(78)
+ v −2 δxiR − δxiS δxiR − δxiS .
It is easy to see that eq. (78) is exact and that there are no problems
with it when R → S. Eq. (78) is valid for arbitrary δxiR and δxiS . For
similar results see Ursin (1982) and Gjøystdal et al. (1984).
7 A P P L I C AT I O N S
The methodology described has many useful applications in seismology and seismic exploration. A few examples of such applications are described in the following. For simplicity, we refer to
applications of expressions for T(R , S  ) and related paraxial slowness vectors. The ray  may be computed in a smoothly varying
isotropic or anisotropic medium with smooth structural interfaces.
It is assumed that there is no caustics at the point R and that R is not
too close to S. In the figures accompanying this section, reference
and paraxial rays are drawn, respectively, as solid and dashed black
curves.
7.1 Reflection times
We consider typical scenarios in reflection seismics where sources,
S, and receivers, R, are situated on a measurement surface . This
surface  can be the Earth’s surface, ocean bottom or some formal
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Figure 1. Reference (solid black) and paraxial (dashed black) reflected
ray trajectories in common source (top) and common midpoint (bottom)
situations.

Figure 2. Reference (solid black) and paraxial (dashed black) reflected ray
trajectories in common offset (top) and common angle of incidence (bottom)
situations.

surface. At the measurement surface, we are recording reflections
from a particular target reflector Z. Such a reflection can be described by a reference ray from S to R via a reflection point Z on the
reflector surface Z. In many applications, it is useful to calculate
reflection times by eqs (40) or (47) for source and receiver points S 
and R located at the surface  such that S  is close to S and R is
close to R. The corresponding reflection point Z  at the surface Z is
assumed to be close to Z.
The upper plot of Fig. 1 depicts perhaps the most typical situation, namely common-source configuration, in which reference
and paraxial rays start from the same point, that is, points S and S 
coincide and points R and R differ. Expressions from Section 6.2
can be used in this case. It is common in reflection seismics to
sort or transform recorded traces into suitable data domains. In the
bottom plot of Fig. 1, we illustrate the common midpoint configuration, in which reference and paraxial rays correspond to a common
midpoint X between source and receiver. The upper plot in Fig. 2
shows the common-offset configuration, in which the distance vectors (or offset vectors) from S to R and S  to R are identical. In a
recently introduced imaging approach, ‘common angle migration’,

the reference and paraxial rays have the same angle of incidence i.
This is illustrated in the bottom plot of Fig. 2 for the 2-D situation.
In the corresponding 3-D situation, one would need to require that
the direction of incidence relative to the reflector normal, specified
by the angle of incidence and one additional angle, say azimuth, is
the same for the reference and paraxial rays. Alternatively, instead
of considering the direction of incidence, projections of slowness
vectors of incident wave upon the surface Z can be required equal
for the reference and paraxial rays. In practice this can be achieved
by dealing separately with the ray legs from Z  to S  and Z  to R .
In this case, from the given δxiZ and the condition that slowness
vector projections along the reflector are the same everywhere, one
can compute the changes of positions δxiS and δxiR . To determine
the positions of S  and R , one can use results of the dynamic ray
tracing along the reference rays from Z to S and from Z to R. Once
the positions of S  and R are known, it is possible to compute
T(S  , Z  ) and T(R , Z  ). For potential applications under the topic of
common-angle migration, refer to, for example, Brandsberg-Dahl
et al. (2003), Ursin (2004) and Koren & Ravve (2011).
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7.2 CRS parameters
A CRS is a hypersurface for a particular reflection event described
in four variables, for example, two variables for the source location
and two variables for the receiver location. See more details in the
following references describing 2-D and 3-D applications: Hubral
et al. (1998), Jäger et al. (2001), Zhang et al. (2001) and Duveneck
(2004). The most common way of representing the CRS is with
respect to two offset coordinates and two midpoint coordinates.
At zero offset the source S, receiver R and midpoint X locations
coincide. For primary unconverted reflections, the ray legs from Z
to S and Z to R also coincide. As a consequence, the corresponding
two-way zero-offset reflections can be modelled using normal rays.
These rays start at the reflector Z with slowness vector normal
to Z, and are continued in one direction (upwards) until they hit
the measurement surface  (top of Fig. 3). The corresponding
(hypothetical) wave is called the normal wave, which is closely tied
to the exploding reflector concept (Claerbout 1985). Traveltimes
from Z  to X  can be again estimated from expressions (40) or (47).
Let us take a normal ray as a reference ray, as in upper plot of
Fig. 3. If the initial point Z is kept common for the reference and
paraxial rays (bottom plot of Fig. 3), the system of paraxial rays in
the vicinity of the reference normal ray describes the (hypothetical)

Figure 3. One-way reference (solid black) and paraxial (dashed black) ray
trajectories from reflector to measurement surface: ‘exploding reflector’ ray
field (top) and point-source ray field (bottom).
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so-called normal-incidence point wave (or NIP wave). In this situation, the (one-way) second-order coefficients of eqs (40) or (47) are
directly related to (two-way) second-order reflection traveltime parameters that can be retrieved from observed seismic reflection traveltime data. In particular, the second-order coefficients for fixed Z
(NIP wave situation) are connected with observed normal-moveout
(NMO) velocity.

7.3 Green’s function traveltimes
The Green’s function plays a fundamental role in the theories of seismic wave propagation and seismic imaging. Moreover, quite often
the ray-theoretical Green’s function corresponding to an elementary
wave (Červený 2001; Červený et al. 2007) is preferred to a complete wavefield Green’s function as it is more efficiently computed
and has explicit traveltimes. Such Green’s function traveltimes are
of great value in many modelling and imaging applications, in particular in those using Kirchhoff/Helmholtz type of integrals, see,
for example Gjøystdal et al. (2007).
An illustration addressing Kirchhoff depth migration is depicted
in the upper plot of Fig. 4. A typical situation is that the Green’s
function traveltimes T(Z, S) and T(Z, R) are calculated in an initial
forward modelling operation using relatively course grids for the
sources S, receivers R and image points Z. The initial modelling
operation can, for example, be performed using the wavefront construction method (Vinje et al. 1993). Subsequently one may utilize
eq. (40) or (47) to obtain paraxial traveltimes T(Z  , S  ) and T(Z  , R )

Figure 4. Application of Green’s function paraxial traveltimes in Kirchhoff
pre-stack depth migration (top) and microseismic monitoring (bottom).
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of the wave with the same history (the same branch of the wave if
there is multipathing) for a large number of locations S  , R and Z 
situated on much denser grids than the original points S, R and Z.
In this way, eqs (40) or (47) have enormous impact with respect to
lowering the total computation time of Kirchhoff depth migration
and other Kirchhoff type modelling/imaging approaches.
The bottom plot of Fig. 4 illustrates application of Green’s function traveltimes in the context of microseismic monitoring, see,
for example, Gharti et al. (2010). In this situation the problem
under consideration is to estimate the source location S  of a microearthquake. The estimation is often based on receiver R recordings in a borehole R and pre-calculated traveltimes corresponding
to a grid of potential source (S) locations. In this case, it might be
preferable to use expressions (43) or (48) for the traveltime squared
since they may be more accurate than (40) or (47) for short distances
between sources and receivers.

7.4 Fresnel zones and volumes
One application of eqs (40) or (47) is an alternative way to estimate Fresnel zones or Fresnel volumes (Červený & Soares 1992)
corresponding to a given reference ray. Fig. 5 illustrates this in the
settings of global seismology (top panel) and reflection seismics
(bottom panel). One particular application in reflection seismics is
so-called Fresnel volume migration (Buske et al. 2009). Note that
the two-point paraxial traveltime computations in Cartesian coordi-

Figure 5. Fresnel zones and volumes for typical applications in global
seismology (top) and reflection seismics (bottom).

nates naturally account for the phenomenon of ‘overshooting’, that
is, the extension of Fresnel volumes beyond the points S and R. This
is an important feature of formulae presented in this paper because
the procedure based on ray-centred coordinates only, without their
transformation to Cartesian coordinates, leads to zero cross-sections
of a Fresnel volume at S and R.

8 C O N C LU D I N G R E M A R K S
We presented expressions for the approximate computation of twopoint paraxial traveltimes between points S  and R arbitrarily chosen
in a paraxial vicinity of points S and R on a reference ray . The ray
 may be be computed in a smoothly varying, layered isotropic or
anisotropic medium. It is assumed that there is no caustics at R and
that R is not close to S. In addition, we also offered expressions for
paraxial slowness vectors, which specify paraxial rays connecting
points S  and R . All the expressions depend on quantities calculated
during ray tracing and dynamic ray tracing in ray-centred coordinates. Alternatively, the dynamic ray tracing can be performed in
Cartesian coordinates.
The expressions based on ray propagator matrices in ray-centred
or directly in Cartesian coordinates can be used alternatively, but
they have a different form and depend on different quantities. All
depend on three submatrices of the ray propagator matrix, specifically on Q1 , Q2 and P2 . They do not depend on the submatrix P1 . In
Cartesian coordinates, the mentioned matrices are 3 × 3 and their
evaluation requires computation of the 6 × 6 propagator matrix.
It is well known that the 6 × 6 ray propagator matrix (x) (R, S)
in Cartesian coordinates includes the non-eikonal solutions of the
dynamic ray tracing equations. From this reason, the equation for
T(R , S  ) derived in Section 5 contains terms, which are consequence
of these solutions (Klimeš 2009); see the terms with T −1 (R, S) in
(46), also in (47). In contrast to this, the non-eikonal solutions play
no role in derivations of the equation for T(R , S  ) based on the
4 × 4 ray propagator matrix (q) (R, S) in ray-centred coordinates
in Section 4.
In addition to expressions for traveltime between paraxial points
S  and R , we also presented expressions for its square. Squared
traveltime plays a basic role in normal moveout studies (see, e.g.
Tsvankin 2001). For results and applications of squared traveltime
see also Ursin (1982) and Gjøystdal et al. (1984). The expressions
for the traveltime squared in homogeneous isotropic media yield
exact traveltimes. Thus, it is expected that the use of expressions for
traveltime squared in weakly inhomogeneous media, either isotropic
or weakly anisotropic, may provide highly accurate results. We further derived expressions for paraxial slowness vectors at points S 
and R , both in Cartesian coordinates. These slowness vectors may
be used as initial conditions for construction of exact ray trajectories (using standard ray tracing). Deviation of approximate and
exact trajectories is an indicator of accuracy of paraxial ray tracing
procedure. The obvious application of approximate ray trajectory
computations is in tomography. Attempts are made to derive procedure for an approximate computation of ray amplitudes related to
two-point paraxial traveltimes.
In this paper, we concentrated on the evaluation of traveltime
between two paraxial points located in a vicinity of a single (there
is no need for considering a ray field) reference ray and to determination of slowness vectors at the paraxial points. Explicit knowledge of paraxial rays (rays in a vicinity of the reference ray) was
not required. It would be possible to extend this study and to also
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evaluate the paraxial rays, which would allow to make the experiment shown in the bottom part of Fig. 2. Besides several practical
applications, it would allow us to also consider common S-wave
rays, which are important entities in studies of S-wave propagation
in inhomogeneous, weakly anisotropic media.
Estimate of errors of two-point paraxial traveltime formula is a
complicated problem. It is a problem of the paraxial ray method
and the ray method as a whole. There were many attempts to
solve this problems, but so far, they did not lead to satisfactory
results. In principle, there are two approaches to its solution. One
requires computation of third spatial partial derivatives of traveltime
along the reference ray. This would allow estimation of accuracy of
the second-order expansion of traveltime into the Taylor series.
Computation of third spatial derivatives of traveltime, however,
requires model derivatives smooth up to the third order (Klimeš
2002). Thus, at present broadly used cubic spline approximation
would not be sufficient, higher-order spline approximation would
be required. We are afraid that such procedures would not be useful in applications. The other approach how to estimate accuracy
of two-point paraxial traveltimes is to compare the results of the
equation proposed in this paper with exactly computed traveltimes.
We are working on such a comparison. It will be a subject of the
follow-up paper, in which we also show a simple way of enhancing accuracy by using the Shanks transform (Bender & Orszag
1978).
A useful by-product of two-point paraxial traveltime computations are ray amplitudes, which can be evaluated along the reference
ray from quantities obtained from the dynamic ray tracing. Computation of paraxial ray amplitudes, that is, computation of the ray
amplitudes along paraxial rays, is, however, a considerably more
complicated problem than computation of ray amplitudes along the
reference ray. Similarly as the error estimates discussed in the previous paragraph, computation of paraxial amplitudes would require
spatial derivatives of the model parameters of orders higher than
second. Relevant algorithms have not yet be proposed and their
usefulness for practical applications is questionable.
Finally, let us emphasize that the two-point paraxial traveltime
formula proposed in this paper is based on the ‘single ray approach’.
This means that the formula is useful for the determination of traveltimes between points in a vicinity of a single reference ray, not for
an interpolation of traveltimes between rays used, for example by
Vinje et al. (1993) or Bulant & Klimeš (1999).
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Klimeš, L., 2006a. Ray-centred coordinate systems in anisotropic media,
Stud. geophys. Geod., 50, 431–447.
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