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Ray velocity and ray attenuation in homogeneous

anisotropic viscoelastic media

Vaclav Vavryguk'

ABSTRACT

Asymptotic wave quantities such as ray velocity and ray
attenuation are calculated in anisotropic viscoelastic media
by using a stationary slowness vector. This vector generally is
complex valued and inhomogeneous, and it predicts the com-
plex energy velocity parallel to a ray. To compute the station-
ary slowness vector, one must find two independent, real-val-
ued unit vectors that specify the directions of its real and
imaginary parts. The slowness-vector inhomogeneity affects
asymptotic wave quantities and complicates their computa-
tion. The critical quantities are attenuation and quality factor
(Q-factor); these can vary significantly with the slowness-
vector inhomogeneity. If the inhomogeneity is neglected, the
attenuation and the Q-factor can be distorted distinctly by er-
rors commensurate to the strength of the velocity anisotropy
— as much as tens of percent for sedimentary rocks. The dis-
tortion applies to strongly as well as to weakly attenuative
media. On the contrary, the ray velocity, which defines the
wavefronts and physically corresponds to the energy velocity
of a high-frequency signal propagating along a ray, is almost
insensitive to the slowness-vector inhomogeneity. Hence,
wavefronts can be calculated in a simplified way except for
media with extremely strong anisotropy and attenuation.

INTRODUCTION

Most rocks are to some extent anisotropic and attenuative. Aniso-
tropy mainly affects a directionally dependent propagation velocity
of seismic waves, whereas attenuation controls directionally depen-
dent dissipation of seismic energy and, consequently, a decay of
wave amplitudes along a raypath. A simple model reflecting both
wave phenomena is an anisotropic viscoelastic medium described
by complex-valued, frequency-dependent, viscoelastic parameters
(Auld, 1973; Carcione, 2001). This model has been applied mainly
to propagation of plane waves (Carcione and Cavallini, 1993; Des-
champs et al., 1997; Shuvalov and Scott, 1999; Deschamps and As-

souline, 2000; Cerven}’/ and Psencik, 2005, 2006; Zhu and Tsvankin,
2006, 2007), whereas the modeling of wavefields generated by point
sources is less developed (Carcione, 1994; Carcione et al., 1996; Au-
doin and Guilbaud, 1998). Complete wavefields usually are comput-
ed by using time-demanding numerical methods that directly solve
the wave equation (Carcione et al., 1988; Carcione, 1990; Saenger
and Bohlen, 2004; Moczo et al., 2007). On the other hand, asymp-
totic wavefields are calculated more efficiently but existing formulas
are valid only for weakly anisotropic, weakly attenuating media.

This article deals with the high-frequency properties of wave-
fields generated by point sources and propagating in anisotropic vis-
coelastic media of arbitrary strength of anisotropy and attenuation.
Through application of the steepest-descent method to an exact solu-
tion, I derive asymptotic wave quantities such as ray velocity, ray at-
tenuation, and ray quality factor. I discuss their physical meaning
and show how to calculate them. Finally, by using numerical exam-
ples, I demonstrate how their values can be distorted when applying
asimplified, commonly used approach (Carcione, 1994; Carcione et
al., 2003; Zhu and Tsvankin, 2006, 2007).

In formulas, real and imaginary parts of complex-valued quanti-
ties are denoted by superscripts R and I, respectively. A complex-
conjugate quantity is denoted by an asterisk. The direction of a com-
plex-valued vector v is calculated as v/ \5ﬁ, where the dot means
the scalar product (the normalization condition v/ Vy-v" is not used
because it complicates generalizing some of the real equations to
complex ones). The magnitude of complex-valued vector v is Wev.
If any complex-valued vector is defined by a real-valued direction,
the vector is called homogeneous. If defined by a complex-valued
direction, the vector is called inhomogeneous. In formulas, the Ein-
stein summation convention is used for repeated subscripts.

PLANE WAVES IN AN ANISOTROPIC
VISCOELASTIC MEDIUM

Let us assume a time-harmonic plane wave described by the dis-
placement

u(x,t) = U(x)g;exp[ — iw(t — p-x)], (1)
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where x is the position vector, U is the amplitude, g is the unit polar-
ization vector, w is the circular frequency, and 7 is time. Vector p is
the slowness vector defined as p = n/c, where n is the slowness di-
rection and c is the phase velocity. Except for X, w, and ¢, all quanti-
ties are, in general, complex valued.

Velocity, attenuation, and inhomogeneity
of plane waves

Because slowness vector p in equation 1 is complex valued, it de-
scribes not only the propagation velocity of plane waves but also
their attenuation and inhomogeneity. Decomposing p yields

p= [(Vphasc)fl + l-AphaseJS + l-Dphaset’ (2)

where Vphase Aphase and Dphase gre real-valued scalars called the phase
velocity, phase attenuation, and phase inhomogeneity. Vectors s and
t are real-valued, mutually perpendicular unit vectors, s is normal to
the wavefront, and t lies in the wavefront. Furthermore, we define re-
al-valued vectors:

Vphase — Vphases’ Aphase — Aphases’ Dphase — Dphaset’

3)

called the phase-velocity, phase-attenuation, and phase-inhomoge-
neity vectors. These quantities are observed and measured in experi-
ments with plane waves and describe the propagation velocity of the
wavefront, the exponential decrease of the amplitude along the nor-
mal to the wavefront, and the exponential decrease of the amplitude
along the wavefront.

The decomposition performed in equation 2 differs from that
commonly used. Usually, the slowness vector is decomposed just
into its real and imaginary parts, called the propagation and attenua-
tion vectors (see Aki and Richards, 2002, their equation 5.96; Cer-
veny and PSencik, 2003, their equation 6). The advantage of decom-
position in equation 2 is that it further distinguishes between the me-
dium attenuation and wave inhomogeneity.

Viscoelastic parameters and the Christoffel tensor

The propagation of plane waves is controlled by the tensor of
complex-valued, density-normalized viscoelastic parameters a;y
= c;yu/p. The real and imaginary parts of a;;, describe elastic and
viscous properties of the medium, and their ratio, called the matrix of
quality factors,

R
a.::
_ ijkl
i = — 1 > 4)
ijkl
quantifies how attenuative the medium is (there is no summation
over repeated indices). Attenuation can also be described by a scalar

quantity Q called the quality factor or the Q-factor (Carcione, 2000,
his equation 14; Chichinina et al., 2006, their equation 27):

C(@F

("

Qphase —

(5)

The superscript “phase” highlights that Q is calculated from the
complex-valued phase velocity ¢ and thus primarily describes atten-
uation of plane waves. Obviously, the quality factor is, in general, di-
rectionally dependent in anisotropic media. Note that equations 4
and 5, which define the quality matrix and quality factor, respective-
ly, depend on the form of the time-harmonic wave specified in equa-
tion 1. For waves with exponential factor exp[iw(t — p-x)], the def-
initions must be modified by omitting the minus sign in equations 4
and 5.

Parameters a;;, are used for constructing Christoffel tensor I',
which is defined either in terms of the slowness direction n,

r jk(n) = Qjjpning, (6)

or in terms of the slowness vector p,

I'y(p) = ajupip:- (7)

The slowness direction n is real valued for homogeneous waves but
complex valued for inhomogeneous waves. The Christoffel tensor
I'  has three eigenvalues and three eigenvectors, calculated by using
the Christoffel equation:

(ij - G5jk)gj =U. (8)

The eigenvalues G(n) and G(p) read

G(n) = ayyninggr = ¢* 9)

and

G(p) = ajupipigigr = 1, (10)

defining phase velocity ¢ and slowness vector p as a function of
slowness direction n. The eigenvectors define polarization vectors g.
The polarization vectors are normalized, so thatg-g = 1.

From the eigenvalue G(p), we further derive the complex energy
velocity as

v; = __p = QP8 8k (11)

which is called the group velocity in elastic media. Vectors v and p
are related by the equation

v-p=1. (12)

WAVES GENERATED BY POINT SOURCES
Exact solution

The exact Green’s function in unbounded, homogeneous, aniso-
tropic viscoelastic media can be expressed in the frequency domain
as the sum of regular and singular terms, Gi58(x, w) and Gi"3(x, w), as
follows (see Vavry&uk, 2007, his equations 3.1-3.3):

Gulx,w) = GiE(x,0) + Gié(x), (13)
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Gt (x,0) =

iw f JgiM)
g’ P y=1 (C(M))3

n x>()

n .
Xexp(iw(—M))()dS(n), (14)
C

(M)
smg(x (1)) E M2 5(n X)dS(n) (15)
8P,y ( ( ))

Superscript M =1,2,3 denotes the type of wave (P, S1, or S2), g is the
unit polarization vector, ¢ is the phase velocity, p is the density of the
medium, x = Nr is the position vector, r is the distance of the obser-
vation point from the source, N is the ray vector, n is the unit wave
normal, and S(n) is the unit sphere. The regular term is integrated
over a hemisphere, defined by n-x > 0. The singular term is integrat-
ed formally over a whole sphere, but the Dirac delta function §(n-x)
in the integrand reduces the surface integral to a line integral, hence
the singular term is integrated over a unit circle defined by n-x = 0.
Phase velocity c, slowness vector p, complex energy velocity v, and
polarization vector g are, in general, complex valued and frequency
dependent. Wave normal n, ray vector N, position vector X, and den-
sity p are real valued and do not depend on real-valued frequency w.

The integration in equations 14 and 15 also can be performed over
slowness surface S(p). After transforming the surface element dS(n)
to dS(p) (see Burridge, 1967), we can write for a particular P-, S1-,
or S2-wave (see VavryCuk, 2007, his equations 3.6 and 3.7),

Gi%x, ) = f 98 xpliop - 0ds(p).  (16)
ni&l;)O

Gine(x, ) = J 8181 5(p - x)dS(p). (17)
pS(p)

The complete Green’s function is then a sum of contributions for all
three waves. When w = 0, the regular term GJ5¢ vanishes and the sin-
gular term G§i"¢ becomes the static Green’s function.

Asymptotic solution

Letus assume high-frequency w and an observation point far from
the source (at about 10 wavelengths or more; see Vavry¢uk, 2007).
Then, singular term G§"¢ (equation 17) becomes negligible and regu-
lar term G5 (equation 16) can be evaluated asymptotically. By ap-
plying the steepest-descent method (Ben-Menahem and Singh,
1981, their Appendix E) to the integral in equation 16, we obtain the
asymptotic Green’s function G§¥™ in the following form (see Vavry-
Cuk, 2007, his equation4.11):

1 oggl

Gasym ) _
* 47Tpv\'|K|

—explioy + iwpy-x),  (18)

where

1
oy = — 5(901 + @),

3

1
—EWS¢|<E7T
3 1

- T = <,
3 b2

2

and p, is the stationary slowness vector, defined as the vector pre-
dicting the complex energy velocity (equation 11) to be homoge-
neous and parallel to aray.

Equation 18 generalizes the result obtained for elastic media
(Burridge, 1967; Yeatts, 1984; Every and Kim, 1994) and holds for
all shapes of the slowness surface and for all ray directions except for
the vicinity of singularities on a slowness surface (see Vavrycuk,
1999, 2002) and cusp edges on a wavefront, where more involved
approaches are required. The complications arise because of a rapid
change of polarization vectors near a singularity and because of
close positions of stationary slowness vectors near a cusp edge.

Quantity K = KK, is the Gaussian curvature of the slowness sur-
face, K| and K, are the principal curvatures, and ¢, and ¢, are their
phase angles. All quantities dependent on p in equation 18 are taken
at stationary slowness vector p,. Position vector x = rN, distance ,
ray vector N, frequency w, phase angles ¢, and ¢,, and density p are
real valued, but polarization vector g, Gaussian curvature K, princi-
pal curvatures K, and K, energy velocity v, and slowness vector p,
are complex valued.

The Green’s function in equation 18 can be used for calculating
high-frequency wavefields generated by simple forces. If the wave-
field is generated by dipoles (see Aki and Richards, 2002, their equa-
tion 3.23) a high-frequency approximation of the spatial derivative
of the Green’s function is required:

L 6Em(x,w)]

m

i0po, Gy’ (X, 0)

_ e —gkglpomlexp(i(r + iwpy - X)
4ap U\’m r 0 0

(19)

Ray velocity, attenuation, and quality factor

After decomposing the complex energy velocity v into real and
imaginary parts, v® and v', the exponential term in equation 18 reads

expliopg - X) = exp(iwz)
v
= exp(— wAmyr)exp(iw V;y), (20)
where
* R R

Vv vv +uvv
VY = — = ——— 21
R R (21)
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and

v! v!

A T T Wy B

Because V™ and A™ control the propagation velocity and the ampli-
tude decay along aray in equation 20, they are called the ray velocity
and ray attenuation, respectively. They are real valued, and they can
be observed and measured in wavefields generated by point sources.

Real-valued ray vector N and scalars V™ and A™ can be used to
define real-valued vectors

Vi = VN (23)

and

A™ = A™YN,

called the ray-velocity and ray-attenuation vectors.
To complete the definitions of the ray quantities, the ray quality
factor Q™ is introduced as

Gl
H"’

where v is the complex energy velocity (equation 11) evaluated at
stationary slowness vector py.

The ray velocity V™, ray attenuation A™, and ray quality factor
O™ have a physical meaning similar to that of the phase velocity
Vv, phase attenuation AP"®¢, and phase quality factor QPhae, The
only difference is that the ray quantities are defined along a ray,
whereas the phase quantities are defined along a wave normal.

o™ = (24)

CALCULATING THE STATIONARY
SLOWNESS VECTOR

Determining the stationary slowness vector py is the crucial and
most complicated step in calculating asymptotic wave quantities in
anisotropic viscoelastic media. The stationary slowness vector p,
can be determined either by iterations or by solving a system of poly-
nomial equations.

The iterative procedure is fast and works well, provided that a
wavefront is free of triplications. The procedure is based on seeking
a complex-valued slowness direction n for which the complex ener-
gy velocity v is homogeneous and directed along a specified ray vec-
tor N. This procedure needs an inversion of the following forward
scheme. First, we use equation 6 to calculate Christoffel tensor
I' ;;(n) for a specified complex-valued slowness direction n. Second,
we compute its eigenvalues and eigenvectors and construct the com-
plex-valued slowness vector p. Third, we calculate the complex en-
ergy velocity v using equation 11. Normalizing vector v, we obtain
ray vector N.

When inverting this scheme, we fix a real-valued ray vector N and
seek four unknown angles: two angles that define the real part and
two others that define the imaginary part of slowness direction n,.
The misfit function can be defined as the modulus of the complex-
valued deviation between the fixed and predicted ray vectors. The in-
version is nonlinear and can be performed by using standard meth-
ods (Press et al., 2002). After finding vector n, the stationary slow-
ness vector p, is obtained readily by using equation 9 or 10.

If the wavefront is folded, the determination of stationary slow-
ness po is more involved. When using iterations, we must be careful
to find all slowness vectors corresponding to a given ray, a process
that might be tricky sometimes. The other possibility is to follow

Vavrycuk (2006) and solve a system of polynomial equations in un-
known components of p. The stationary slowness vector py is calcu-
lated from the real-valued ray vector N by solving the following
equations:

DyN; = aijuD jipoipomNm = 0, (25)

where i =1,2,3; Dy is the matrix of cofactors of

A

Dy =T, — Géy;and
Dy = (Fzz_ G)(F33_ G) _Fig,
Dy =(I'yy — G)(I's; — G) — I'y,
Dy =T, —GI'y—G) — T,
Dyy =Dy =T';3I'3 — I'p(I'33 — G),
D3 =Dz =TIy — I'is(I'y — G),
Dyy =Dy = T'pI'y3 — I'ys(I'y) — G), (26)

where I = rjk(p(]), G =Gl(py) = L.

Equation 25 is a system of coupled polynomial equations of the
sixth order in unknowns po;, Po2, and pos. After solving the equations,
we obtain a complete set of slowness vectors corresponding to all
wave types and to all branches of the folded wave surface. The equa-
tions have been originally derived for elastic media, but they can be
applied equally to viscoelastic media by considering parameters a;;y
to be complex valued. Consequently, the retrieved slowness vector
Po becomes also complex valued.

Note that equation 25 also yields some spurious solutions that
must be rejected by checking whether the complex energy velocity v
(equation 11) is really homogeneous for a given slowness-vector so-
lution. For details, see Vavry&uk (2006).

PHYSICAL MEANING OF RAY VELOCITY

The ray velocity V™ is closely related to the so-called time-aver-
aged energy velocity Ver® (Carcione and Cavallini, 1993; Car-
cione, 2001), defined as the velocity of time-averaged energy trans-
mitted by a time-harmonic plane wave and expressed as (Cerveny
and P3encik, 2006, equation 35)

.
yenergy — & - M (27)

i - - * VR R®
' E  (aiuUU;p)"p;

Vector S is the real part of the time-averaged energy-flux vector, and
E is the real-valued time-averaged total energy density of the propa-
gating wave. Taking into account equation 11, we obtain

' (28)

where vV means the time-averaged complex energy velocity.

For stationary p, velocity V2 can be simplified further . Be-
cause v = Nv is ahomogeneous vector having direction N indepen-
dent of time, the time-averaged velocity vector VR can be substituted
for by the instantaneous velocity vector vR = No®:

{/energy U? Ni
poenwy = i = S (29)
Vb Ny

Taking into account that
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v,pi = 1, (30)
which is equivalent to
R R 1 R I I R
v,p; —uvp; =1 andv;p; +v,p;, =0, (31)
we can write
oR = RoR + )N PR (32)
Thus, Verers js finally expressed as
R, R L1
— vt tuov
Vi = N (33)

By comparing equations 21 and 23 with 33, we
conclude that Vererey for a stationary p yields ex-
actly the same value as ray velocity V™. Hence,
the main difference between the ray and energy
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simplified method based on evaluating velocities for ahomogeneous
slowness vector p.

Figure 1 shows that the velocities calculated by using the two
methods coincide, the differences between them being within the
width of the line. The same result is obtained when attenuation is ne-
glected. Hence, the attenuation in the models studied is not high
enough to affect the velocities considerably. The errors in phase and
ray velocities produced by using the simplified nonstationary meth-
od are about 0.05% or less (see Table 4). However, the errors in atten-
uations and Q-factors produced by the simplified method are more
significant and clearly visible (see Figure 1c—f): 17.4% and 16.6%
for the phase and ray attenuations and 28.3% and 30.9% for the
phase and ray Q-factors, respectively (see Table 4). Such differences

Table 1. Viscoelastic parameters in the standard notation. The two-index Voigt
notation is used for density-normalized elastic parameters af, and
quality-factor matrix g;;,.

velocities is that the energy velocity is defined for
any complex-valued p, but the ray velocity is de-

Elastic parameters

Attenuation parameters

fined just for stationary p. For a stationary wave,

both velocities have the same physical meaning. ARy AR A% A%

Note that the stationary wave also displays oth- Model  (km?/s?)  (km?/s?)  (km?/s?) (km*/s?)  Qn Qi On  Qu
er interesting properties. In anisotropic viscoelas-
tic media, the instant energy flux of a time-har- A 14.4 450 9.00 225 30 15 20 15
monic plane wave has, in general, a time-depen- B 14.4 4.50 9.00 2.25 60 30 40 30
dent direction. For a stationary wave, the instant C 10.8 3.53 9.00 2.25 30 15 20 15
energy flux direction is constant. D 10.8 3.53 9.00 225 60 30 40 30

NUMERICAL EXAMPLES

Table 2. Viscoelastic parameters in the Thomsen-style notation. For the
definition of parameters in the Thomsen-style notation, see Thomsen (1986)
and Zhu and Tsvankin (2006).

In this section, I demonstrate properties of ray
velocity and ray attenuation on numerical exam-

ples performed for P-waves. I show the differenc-
es produced by different definitions of propaga-

Elastic parameters

Attenuation parameters

tion velocities and attenuations. I adopted four

transversely isotropic viscoelastic models with Vo Vo Apoy Ago

different strength of anisotropy and attenuation Model  (km/s)  (km/s) € S (1072 (107?) €0 8o

(see Tables 1 and 2). Their values are chosen to be

close to observations for sedimentary rocks. The A 3.00 1.50 0.30 0.00 2.50 3.33 —0333  0.667

frequency of the signal is assumed to be 30 Hz. B 3.00 1.50 0.30 0.00 1.25 1.67 —0.333  0.667
The four models (A, B, C, and D) combine two C 3.00 .50 0.10 -0.10 250 3.33 -0.333 0.511

models of velocity anisotropy and two levels of D 3.00 1.50 0.10 —0.10 1.25 1.67 ~0333 0511

attenuation. The P-wave anisotropy is 23% for
models A and B and 11% for models C and D (see
Table 3). The level of attenuation for model A is
twice as large as that for model B. The same ap-
plies to models C and D. The attenuation aniso-
tropy is 68% for models A and B and 58% for
models C and D. The Q-factor anisotropy is 48%

Table 3. P-wave velocity and attenuation anisotropy. V™, A™, and Q™ are the
mean P-wave ray velocity, attenuation, and Q-factor; a%, af”, and a§" are the
P-wave ray velocity anisotropy, attenuation anisotropy, and Q-factor
anisotropy. The anisotropy is calculated as a = 200(U,,,, —
where U, and U,,;, are the maximum and minimum values of the respective

Umin)/(Umax + Umin)’

for all four models. quantity.

Figure 1 shows the directional variations of
phase and ray velocities, attenuations, and Q-fac- _ _
tors for model A. The angles range from 0° to 90°. Ve ay A ag” - ag’
The velocities, attenuations, and Q-factors are Model (km/s) (%) (s/km) (%) o™ (%)
calculated by using two approaches: (1) a correct A 308 233 75.2% 104 67.7 2.1 48.1
method (described in the sections on Waves Gen- ' ' ’ L ' ' '
erated by Point Sources and Calculation of Sta- B 3.27 234 37.7X10 67.8 422 48.1
tionary Slowness Vector) based on evaluating ve- C 3.06 10.5 78.8 X107 58.0 21.3 48.3
locities for stationary slowness vector po and (2) a D 3.06 10.5 39.5x10°* 58.0 42.6 48.3
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a) Phase velocity b) Ray velocity cannot be neglected; indeed, they point to the ne-
4 T 4 ‘ ‘ cessity of considering the proper stationary meth-
L L od in attenuation studies.
- @3 Figure 2 shows the velocities and attenuations
E 1 £ 1 for model C. Again, no visible differences are ob-
= = served in velocities when applying the stationary
g g 2 and nonstationary methods. However, the differ-
g 1 3 ] ences in attenuations and Q-factors are signifi-
§ § cant: 10.8% and 11.2% for phase and ray attenua-
1 tions and 15.4% and 16.6% for the phase and ray
1 Q-factors, respectively.
0 ‘ ‘ ‘ 0 ‘ ‘ ‘ The directional variations of velocities and at-
0 1 2 3 4 0 1 2 3 4 tenuations for models B and D are almost identi-
x-component (km/s) x-component (km/s) cal to those for models A and C; therefore, I do not
) Phase attenuation d) Ray attenuation present them: The only differen.ce between mod-
‘ ‘ “ ‘ els A and B is that the attenuation and Q-factor
0.008 0.008 plots for model B would be of a sca?e twice less
: than for model A. The scale of velocity plots and
g :E; shape of velocity, attenuation, and Q-factor func-
£0.006 £.0.006 tions remains unchanged. The same applies to
},E, E differences between models C and D.
c o . . . .
80.004 2 0.004 Figure 3 shows the inhomogeneity of a station-
§ § ary slowness vector as a function of a ray direc-
N N tion for models under study. The inhomogeneity
0.002 0.002 projects into complex-valued slowness direction
n parameterized by inclination angle € and azi-
0 — 0 e muth angle ¢:
0 0.002 0.004 0.006 0.008 0 0.002 0.004 0.006 0.008
Xx-component (s/km) x-component (s/km)
e) Phase quality factor f) Ray quality factor sin 6 cos ¢
30 30 n=|sinfsing |. (34)
cos 6
£20 g 20 Angle ¢ is always real valued because of symme-
§ | - é try of the medium. Angle € is real valued for a
§ *"\\\\ % simplified nonstationary approach but complex
N ook ™ N0 valued for a stationary approach. As seen from
N Figure 3, for the stationary approach, the imagi-
r N nary part of 6 is very small. Its absolute value is
\ less than 1.2° for models A and C (more attenua-
0 0 1‘0 éo 30 0 0 1‘0 éo 30 tive models) and even less than 0.6° for models B
X-component x-component and D (less attenuative models). Hence, the imag-
Figure 1. Polar plots of (a-b) the P-wave velocities, (c-d) attenuations, and (e-f) Q-factors inary part of angle 6 decreases with decreasing
in model A. Solid line — stationary approach (the slowness vector is inhomogeneous), attenuation. Nevertheless, even such tiny differ-

dashed line — nonstationary approach (the slowness vector is homogeneous). For pa-

ences between the station and nonstationar
rameters of the model, see the text. ay Y

slowness directions are visible at phase and ray
attenuation plots (see Figures 1 and 2).
Table 4. Maximum errors of the nonstationary approach. The error for a The differences between the stationary and
particular ray is calculated as E = 100Ut — yaperox| /U2t where Ut and nonstationary approaches also can be exempli-

Umrrrox gre exact and approximate values of the respective quantity. The

A fied on wave amplitudes. Figure 4 shows the radi-
presented values are maxima over all rays.

ation pattern for an explosion buried in models A
and B. The radiation pattern is plotted in the

Error VPhase  Error V' Error AP Error A  Error QP"®°  Error Q™ x-z-plane. The explosion is characterized by the
Model (%) (%) (%) (%) (%) (%) moment tensor
A 1.5X1072 53X10°2 17.4 16.6 28.3 30.9
B 04X107%2 14X10°2 17.4 16.7 28.3 31.0 1
C 1.5X1072 45X10°2 10.8 11.2 15.4 16.6 My = M, 1 , (35)
D 04X107%2 1.1X10°2 10.9 11.3 154 16.7
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where M is the scalar moment. The amplitude R a) Phase velocity b) Ray velocity
of the radiated wave is calculated for observation
points at fixed distance from the explosion source 3 b . 3 7
by using the formula g i g |
2 2
= = IS
R = Vuu;, (36) 5 2 1 § 2 1
g g
where £ ] £ ]
o (o]
e o
P g1 4 N 4
— _~_,asym
up = My * —Gy, ] ]
ax 1
) . 0 I I 1 0 ! I 1
and the symbol * means the time convolution. 0 1 2 3 0 1 5 3
Figure 4 illustrates several interesting charac- x-component (km/s) x-component (km/s)
teristics of radiated waves. First, it indicates that ©) Phase attenuation d Ray ?ﬂenuatl?n
. L . — ; :
the radiation pattern of an explosion in an aniso-
. . . . 0.008 - 0.008 =
tropic medium can deviate significantly from a
uniform, directionally independent radiation of — | £ i
an explosion in an isotropic medium (Figure 4a § 0.006 . £ 0.006 8
. . . @ =
and c). Second, a nonuniform radiation is further = . § 1
pronounced with increasing distance owing to di- § 0.004 J S 0.004 J
rectionally dependent attenuation (Figure 4b and g | g i
d). Under elastic anisotropy or anisotropy with 3 N
. . . .. N 0.002 - 0.002 =
isotropic attenuation, the radiation pattern can
also be directionally dependent, but its shape can- ’ |
i i 0 L 0 T N AN BT
not change with distance. .OI.I the contrary,. a 0 0.002 0.004 0006 0.008 0 0002 0004 0006 0.008
strong dependence of the radiation pattern on dis- x-component (s/km) x-component (s/km)
tance from the source is observed in Figure 4. e) 4T hase quality factor f) Ray quality factor
. . T T T 30 T T
Third, errors of wave amplitude calculated by us- ‘
ing the nonstationary approach increase with dis- L i L i
tance. Obviously, the errors depend on the level
of attenuation, being more pronounced for more e - . 22
attenuative models. g g
Note that plots for models C and D are not pre- §' [ N il g
sented because they are similar to those in Figure X ol e i § o
4.
DISCUSSION . ‘ ‘ \ ‘ ‘
0 10 20 30 00 10 20 30
The discrepancies in attenuation calculated for x-component x-component

homogeneous and inhomogeneous waves are
rather surprising and unexpected. So far, only a
nonstationary approach has been applied and
published in the literature (Carcione et al., 2003;

Figure 2. Polar plots of (a-b) the P-wave velocities, (c-d) attenuations, and (e-f) Q-factors
in model C. For details, see the caption of Figure 1.

Zhu and Tsvankin, 2006, 2007). This approach &) g4 b) 5.4

was expected to produce satisfactory results at ~ > i

least for low attenuation. Zhu and Tsvankin g 2 1

(2006, 2007), for example, argue that the inhomo- g 0o g 007

geneity of a stationary slowness vector must be § § 1

low for weakly attenuating media; therefore, the % 0.4 % 0.4

inhomogeneity effects must be of second order Z @ ]

and thus negligible. However, the presented nu- § g -

merical examples indicate that the problem is Ed 08 5 08

more involved. Even though the inhomogeneity E E ]

of a stationary slowness vector is low, it can pro- 12 ‘ ‘ 42 : |
duce significant effects in attenuation. The reason 0 30 60 90 0 30 60 90
is that the inhomogeneity is controlled not only Ray angle (°) Ray angle (°)

by attenuation but also by velocity anisotropy of . . . T .
Y Y Y 24 Figure 3. Imaginary part of the stationary slow +ness inclination angle as a function of the

the medium. Hence, the effects of the inh(?moge— ray inclination angle. (a) Full line — model A; dashed line — model B. (b) Full line —
neous slowness vector do not necessarily de- model C; dashed line — model D. The imaginary part of the nonstationary slowness incli-
crease with decreasing attenuation. nation angle is zero for all models.
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lated approximately through the use of a homoge-
neous p, the errors can attain values commensu-

- rate to the strength of velocity anisotropy. Hence,
the errors can be as great as tens of percent for an-
isotropy observed in sedimentary rocks. This dis-
tortion applies to strongly as well as to weakly at-
tenuative media.
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