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Velocity, attenuation, and quality factor in anisotropic
viscoelastic media: A perturbation approach

Vaclav VavryCuk

ABSTRACT

Velocity, attenuation, and the quality (Q-) factor of waves
propagating in homogeneous media of arbitrary anisotropy
and attenuation strength are calculated in high-frequency as-
ymptotics using a stationary slowness vector, the vector eval-
uated at the stationary point of the slowness surface. This
vector is generally complex-valued and inhomogeneous,
meaning that the real and imaginary parts of the vector have
different directions. The slowness vector can be determined
by solving three coupled polynomial equations of the sixth
order or by a nonlinear inversion. The procedure is simplified
if perturbation theory is applied. The elastic medium is
viewed as a background medium, and the attenuation effects
are incorporated as perturbations. In the first-order approxi-
mation, the phase and ray velocities and their directions re-
main unchanged, being the same as those in the background
elastic medium. The perturbation of the slowness vector is
calculated by solving a system of three linear equations. The
phase attenuation and phase Q-factor are linear functions of
the perturbation of the slowness vector. Calculating the ray
attenuation and ray Q-factor is even simpler than calculating
the phase quantities because they are expressed in terms of
perturbations of the medium without the need to evaluate the
perturbation of the slowness vector. Numerical modeling in-
dicates that the perturbations are highly accurate; the errors
are less than 0.3% for a medium with a Q-factor of 20 or high-
er. The accuracy can be enhanced further by a simple modifi-
cation of the first-order perturbation formulas.

INTRODUCTION

The high-frequency asymptotic approximation is used frequently
in wave-propagation modeling because it is reasonably accurate in
many seismic applications and requires almost no computer time

compared with exact methods. Asymptotic formulas for velocities,
attenuations, and quality (Q-) factors of waves propagating in aniso-
tropic attenuative media have been published (Vavrycuk, 2007a,
2007b). The formulas are valid for waves propagating in homoge-
neous media of arbitrary anisotropy and attenuation strength. The
wave quantities are calculated using a stationary slowness vector
that predicts the complex energy velocity vector parallel to aray. The
stationary slowness vector is generally complex-valued and inho-
mogeneous, and determining it is the most complicated step when
calculating the asymptotic wave quantities. The stationary slowness
vector can be calculated (1) by a nonlinear inversion for four real-
valued angles defining the directions of the real and imaginary parts
of the slowness vector or (2) by solving a system of three coupled
polynomial equations of the sixth order in three unknown compo-
nents of the complex-valued slowness vector (Vavrycuk, 2006).

The problem is simplified if perturbation theory is applied. The
elastic medium is viewed as the background medium, and the attenu-
ation effects are calculated as perturbations. The procedure is similar
to that for calculating wave quantities in weakly anisotropic elastic
media, in which weak anisotropy is introduced as a perturbation of
the isotropic background (Thomsen, 1986; Jech and P3en¢ik, 1989;
Tsvankin and Thomsen, 1994; VavryCuk, 1997, 2003; Farra, 2001,
2004; Song et al., 2001; PSencik and Vavry¢uk, 2002). The only dif-
ference is that the isotropic background is degenerate and the pertur-
bations caused by weak anisotropy are real-valued. For anisotropic
media with attenuation, the background medium is nondegenerate
and perturbations are complex-valued. This approach has been
adopted by several authors and applied to various aspects of study-
ing plane-wave propagation in seismic exploration (Carcione, 2000;
Chichinina et al., 2006; Zhu and Tsvankin, 2006, 2007; Cerven}’/ and
P3encik, 2007).

In this paper, I apply the first-order perturbation theory to calcu-
late high-frequency asymptotic quantities in anisotropic viscoelastic
media. [ derive the perturbation formula for the stationary slowness
vector and consequently for other asymptotic quantities such as ray
and phase velocities, attenuations, and Q-factors. The accuracy of
the perturbations is tested using numerical examples.
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BASIC PERTURBATION FORMULAS

In formulas, the real and imaginary parts of complex-valued
quantities are denoted by superscripts R and /, respectively. A com-
plex-conjugate quantity is denoted by an asterisk. The direction of a
complex-valued vector v is calculated as v/ v“ﬁ, where the dot indi-
cates a scalar product (the normalization condition v/ \W-v* is not
used). The magnitude of v is complex-valued and calculated as
Wev. If any complex-valued vector v is defined by a real-valued di-
rection, it is called homogeneous; if defined by a complex-valued di-
rection, it is called inhomogeneous. The type of wave (P, S1, S2) is
denoted by superscripts [(1),(2),(3)]. The background quantity is
denoted by superscript zero.

The perturbation of f is denoted by Af. The symbol A f denotes
the perturbation of f(a,jkf, p;) resulting from the perturbations of me-
dium parameters ;.. The symbol A,f denotes the perturbation of
Sf(aije.p:) from the perturbation of slowness vector p. In formulas,
the Einstein summation convention is used for repeated subscripts.
Besides the standard four-index notation for viscoelastic parameters
a;jx¢e and quality parameters g, the two-index Voigt notation A,y
and Q) is used. Voigt notation reduces pairs of indices i,j or k,/ into
a single index M or N using the following rules: 11 —1,22—2, 33
—3,23—4,13—5,and 12— 6.

Definition of the medium

A viscoelastic medium is defined by density-normalized stiffness
parameters a; = c;¢/p, which are, in general, frequency depen-
dent and complex-valued. The real and imaginary parts of a; ¢,

R .0
ajjke(®) = aje + i, (1)

define elastic and viscous properties of the medium. Their ratio,
called the matrix of quality parameters,

R
a;;

jk€ . -

——"=(no summation over repeated indices),

Qijkf(w) =
Ajjke

2)

quantifies how attenuative the medium is. The sign in formula 2 de-
pends on the definition of the Fourier transform used to calculate the
viscoelastic parameters in the frequency domain. Here, I use the for-
ward Fourier transform with the exponential term exp(iwf). Hence,
the quality parameters are defined with the minus sign in formula 2.
When using the Fourier transform with the exponential term
exp( —iwt), the minus sign must be omitted.
Let us assume that a;; satisfy symmetry relations

Ajjke = jike = Ajjer = Apgij (3)

and that viscous parameters a! jxe are small with respect to elastic pa-
rameters af}ké. The viscoelastic medium then can be viewed as a me-
dium obtained by a small perturbation of an elastic background,

_ 0
Ajjre = Qe + Dagjee, (4)

where af;, defines the background medium and Aay, its perturba-
tion,

0 _ R 1
Aijke = Lijkes Aajjre = 1jjke- (5)

Eigenvalues and eigenvectors of the Christoffel tensor

The Christoffel tensor in the viscoelastic medium is defined alter-
natively in terms of slowness direction n,

Iy(n) = a;mnyg, (6)

or slowness vector p,

I'y(p) = ajepipe (7)

where a;;, are the complex-valued viscoelastic parameters. Direc-
tion n and the slowness magnitude p = \IE are generally complex
valued. The Christoffel tensor I'; has three eigenvalues and three
eigenvectors, which define properties of the P, S1, and S2 waves. Ei-
genvalues G(n) and G(p) read

27 (8)

|
o

G(n) = Aijenil 8 8k =

G(p) = ayxriregigr = 1. )

where ¢ = 1/p is the complex phase velocity. The eigenvectors of
I'; define the polarization vectors g.

If not specified explicitly, the Christoffel tensor I’ and eigenval-
ues G are assumed to be functions of the slowness vector p, Iy
= I'y(p), and G = G(p). Using perturbation theory, the Christoffel
tensor Iy, is decomposed as

Ty = Iy + ATy, (10)

where 1"]2 is the Christoffel tensor in the background medium
0 0 0.0
Iy = aywpipe (11)

and AT, is its perturbation controlled by perturbations of elastic pa-
rameters Aa;;, and by perturbation of the slowness vector Ap:

ATy = Aagpip? + alup{Ape + piAp).  (12)

If the Christoffel tensor I'y has three different eigenvalues G,
m = 1,2,3, it is called nondegenerate, and standard perturbation
formulas for calculating its eigenvalues and eigenvectors can be ap-
plied (Korn and Korn, 2000, their section 15.4—11). The perturba-
tions of the P-wave eigenvalue GV and the P-wave eigenvector g
of I'y are expressed as follows:

AGY = AT;g) Ve, (13)
(12)
Aglh = _AGT o
8i GO _ 08
AGY
== 00
+ GO _ Go(3)gi s (14)
where
AG™) = ATg)"g)". (15)
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Formulas for the perturbations AG?, AG®, Ag®, and Ag® are anal-
ogous.

Energy velocity

The perturbation of energy velocity v (called the group velocity in
elastic media),

AijkeDe8 j8k> (16)
is expressed as
000 0 070 0
Av; = Aayupeg;&i + airere(8;08k + 8¢Ag))

+ afyApeg)gy. (17)

Taking into account equation 14, we obtain for the P-wave

Avl(-l) = Aavgl) + Apvfl), (18)
0(12)A G2
(1) _ o1y o) 001) . Zi  Za-
Ap;’ = Aaype '8 8k +G T 00
0(13) (13)
v, AG
[0(1) . 0(3)° (19)
G -G
LOU2A G(12)
(1 _ 1) 0(1) Ui Sb
Ayv; %k AP 8 T GO _ 500
0(13)A G
GO(I GO 3)° (20)
where
v?(m) _ aljk€p€ 1)(gj r) 0(3) + gO(r gj)(s )’ (21)
A G(”) _ Aaj ep?(l)PO(l)g? r)gO(s)’ (22)
A,G" = agp?Ap" + pi AP g} gl
(23)

Perturbation formulas for the S1- and S2-waves are analogous.

STATIONARY SLOWNESS VECTOR

In this section, the perturbation approach is applied to asymptotic
wavefields. The asymptotic quantities describe high-frequency
waves observed at large distances from the source and are calculated
for the slowness vector, taken at a stationary point on the slowness
surface. The stationary point is a point for which the energy velocity
vector v is homogeneous and its direction is parallel to the ray (for
details, see VavryCuk, 2007a). The stationary slowness vector p is
generally complex-valued and inhomogeneous, and it can be calcu-
lated by a nonlinear inversion or by solving a system of three cou-
pled sixth-order polynomial equations. Once p is found, all
asymptotic wave quantities can be calculated readily.

If the viscoelastic medium is obtained by a small perturbation of
an elastic background medium (see equations 4 and 5), the vis-

coelastic wave quantities can be calculated as perturbations of the
elastic ones by using the general perturbation formulas derived in the
previous section. However, the perturbation formulas must be modi-
fied further to be valid for asymptotic quantities. The main differ-
ence between general perturbations and perturbations for asymp-
totic quantities lies in the perturbation of slowness vector Ap. In gen-
eral formulas, Ap is not a priori fixed but depends on the studied
wave, characterized by its wave normal and wave inhomogeneity
(Cerveny and Pen¢ik, 2005) On the other hand, Ap is not arbitrary
for asymptotic quantities but takes only one specific value with no
freedom in setting the wave normal or wave inhomogeneity. The val-
ue of Ap must ensure that p is taken at the stationary point on the
complex-valued slowness surface. Taking the slowness vector at the
stationary point implies that v is homogeneous and parallel to the
fixed ray direction.

Perturbation Av

In the first-order perturbation theory, the ray direction N can be
fixed, so energy velocity vector v is parallel to the ray in the back-
ground as well as in the perturbed medium

v=Nvu, v’=No (24)

Consequently, velocity perturbation Av is parallel to background ve-
locity v°:

Av = NAv. (25)

Taking into account equation 16 and the fact that the eigenvalue G of
I’ for the studied wave is equal to one (see equation 9) in the back-
ground as well as in the perturbed medium, we obtain

vpi=1, oip!=1. (26)
Hence,
Avp? + vPAp; = 0. (27)

Multiplying equation 17 by p? and taking into account equation 27,
we obtain

1
Avip;| = 5 Adiup;Peg; i (28)

The left-hand side of equation 28 can be simplified further to read

Av
Avp) = o (29)
where
1
Avi = AUNi and Nlp? = _0. (30)
v
Hence,
v’ 0000
Av = EAaijkfpipL’gjgk (31)
and
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0
Vi
Av; = EAamjkel’OmP(gg?g% (32)

Perturbation Ap
Equations 18 and 32 yield

0
U
Aw; + A, = ;Aamjk(pglp(f)g?gg’ (33)

where A,v and A,v are defined in equations 19 and 20. Equation 33
can be expressed as

0
v;
Hihpe = - Adyup,pigiey = A, (34)

where HY, is the wave metric tensor in the background medium (see
Vavrycuk, 2003, his equation 15). The wave metric tensor Hy is de-
fined as (Cerveny, 2001, his equation 2.2.65)

19°G(p)

H. =
lf(p) ) (9p,(9pg

(35)

and is connected with the Gaussian curvature of the slowness surface
(see Klimes, 2002). Taking into account equation 15 of Vavrycuk
(2003) and equations 19 and 22 in this paper, tensor HY and vector

A,vin equation 34 are expressed for the P-wave as follows:
U([)(13)
GO — 0G3)°

(36)

0(12), 0(12) p0013)
1

(1 _ 0 o1 0(1) Vi U
HY = i8Sk JrGo(l)_Go(z)

Q(IZ) 0(1)_0(2)

Vi Pm 8k
AaU,(-l) = Aamjkep({?(l)g;‘)(l){5[:7182(1) + (;oa) Ln G

Vi Pm 8k
GO — o)

L m

0(13)__0(1) 0(3)
Pm 8k ]’ (37)

where §;; is the Kronecker delta. All quantities in the background
medium are real valued and Aa;;, is purely imaginary, so equations
36 and 37 imply that H;, also is real valued and A, v is purely imagi-
nary.

Equation 34 represents a system of three linear equations in un-
known perturbations Ap,, Ap,, and Ap;; hence, perturbation Ap fi-
nally comes out as

0
1/ Ui
Apy = [HY] 1<;Aamjk€p9np2g?g2 - Aavi)~ (38)

All background quantities are real valued, and Aa,j, and A,v are
purely imaginary, so Ap is purely imaginary. Obviously, this proper-
ty is lost when higher-order perturbations are applied. Also the as-
sumption of the fixed N is generally no longer valid in the higher or-
derray theory.

Note that equation 38 is valid under several limitations. First, vis-
cous parameters must be small with respect to elastic parameters
(see equations 4 and 5). Second, the wave must not propagate in di-
rections close to cusp edges on the wave surface. The cusp edges

arise when the wavefront is multifolded and correspond to parabolic
lines on the slowness surface (Vavrycuk, 2003). The inverse of the
wave metric tensor [H%] ! is large or diverges near parabolic lines;
thus, the perturbation theory is inapplicable. Third, the wave must
not propagate near directions associated with singularities (acoustic
axes) on the slowness surface (Vavrycuk, 2005). The Christoffel ten-
sor is nearly degenerate in these directions, and the standard pertur-
bation formulas fail.

PHASE VELOCITY, ATTENUATION,
AND Q-FACTOR

Definitions

Phase quantities describe propagation of a plane tangential to the
wavefront. By decomposing p, we obtain (see Vavrycuk, 2007b; his
equation 2)

p= [(Vphase)—l + l-Aphase]s 4 iDphaset, (39)

where VPhase Aphase and Drhase gre the real-valued phase velocity,
phase attenuation, and phase inhomogeneity. Vectors s and t are real-
valued, mutually perpendicular unit vectors; s is normal to the wave-
front (called the wave normal); and t lies in the wavefront (called the
wave tangent). Hence, the phase velocity and phase attenuation are
calculated from p as

1
Vphase — |p_R’ (40)
Aphase — pI .S, (41)
Dphase — pI -t, (42)
where
I A e ( SR A
- R’ t - I _ 1. ’ ( 3)
Ip I’ = (p'-s)s|

and symbol |a| = Va-a = \fﬁ denotes the magnitude of real-val-
ued vector a.

The phase Q-factor (QP"*-factor) is defined as (Carcione, 2000,
his equation 14; Carcione, 2001, his equation 4.92)

B ( C2)R
()"
where c is the complex-valued phase velocity ¢ = 1/@,-7.
In elastic media, p is real-valued. Consequently, the QPre-factor

is infinite, and ¢ becomes real-valued and equals the phase velocity
Vphase.

Qphase — (44)

Perturbations
Taking into account that
p=p’+Ap, (45)

where p° is a real-valued vector and perturbation Ap is a purely
imaginary vector (see equation 38)
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p° = p°%  Ap = iAp/, (46)
we readily obtain
yphase — (yphase)0 (47)
APhase — Ap! .0 (48)
DPhase = |Ap! — Aphaseg0] (49)

Using the following approximate formula,

1 1
2 = =
(P! + Ap)(p) + Ap)  pip} + 2p)Ap;
1 App?
=ﬂ<1—2 I;l:f>, (50)
pP;D;j p;p;j

the inverse of the phase quality factor comes out as

I_OR

Ap;p;
OR_OR
Jrj

[Qphase]—l =2 — 2COAphase. (51)

Similar to the phase velocity, the wave normal s remains unchanged
for the background and the perturbed medium.

RAY VELOCITY, ATTENUATION, AND Q-FACTOR
Definitions

Ray quantities describe the propagation of waves along a ray. The
ray velocity V(see VavryCuk, 2007b, his equation 21),

® R, R L1
Vv v'v”t + v
Ve = — =& (52)
v v

controls the propagation velocity along a ray. The ray attenuation
A™ (see VavryCuk, 2007b, his equation 22),

v v

= (53)

AT =
vv* vRoR + ovlv!

controls the amplitude decay along aray. The ray velocity and ray at-
tenuation are real-valued and can be measured in wavefields along a
ray. Analogous to the phase Q-factor defined in equation 44, we also
can introduce the ray Q-factor (see Vavry&uk, 2007b, his equation
24):

B (U2)R

)"

0™ = (54)

Introducing ray inhomogeneity D™ makes no sense because v is ho-
mogeneous; hence, D™ is identically zero.

Perturbations
Substituting the equations
vE=vO® and Av = iv/ (55)

into equations 52 and 53, taking into account equation 32, and retain-
ing the first-order perturbations, we obtain

Vi =% =, (56)
iAv 1 I 0000
A™ = LOR,OR = _z_voAaijk(PiP({gjgk' (57)

Finally, using equation 31 and the approximate formula

v2 = (" + Av)? = (9% + 20°Av, (58)

the inverse of the ray Q-factor comes out as
-1 _ I 0000 _ A0
[0™]" = _Aaijképipegjgk = 20°A™. (59)

The ray direction N is the same for the background and the perturbed
media because it was fixed when perturbations were derived. For-
mulas similar to 57 and 59 are also valid for the ray attenuation and
ray Q-factor of weakly inhomogeneous plane waves (see Cerveny
and PSencik, 2007). Note that equation 59 also is derived by Gajew-
ski and PSencik (1992), who assume a weakly attenuating medium
described by Futterman’s dispersion relation (Futterman, 1962).
Here, I show that equation 59 is valid independent of any type of dis-
persion.

PHASE AND RAY VELOCITIES WITH
IMPROVED ACCURACY

The phase and ray velocities in the perturbed viscoelastic medium
have the same value as in the elastic background medium (see equa-
tions 47 and 59). This implies that the first-order perturbations do not
reflect the velocity shift caused by attenuation of the medium. If such
an approximation is insufficient and more accurate formulas are
needed, we can combine perturbations with exact calculations. In
this way, the perturbations are used only for determining the station-
ary slowness vector, which is the crucial and most complicated step
in the calculations. All other quantities are computed by using exact
formulas. Note that this approach is not applicable to inhomoge-
neous media because the assumption of a fixed ray direction used in
perturbations is not exact but approximate for inhomogeneous me-
dia.

Specifically, we apply the following procedure. First, the slow-
ness vector p is calculated using equations 38 and 45. Second, p is
normalized to obtain the slowness directionn = p/\p p;- Third, the
complex phase velocity ¢ and real phase velocity VP"* are calculated
using equations 8 and 40. Finally, the complex energy velocity vec-
tor v and the ray velocity V™ are calculated using equations 16 and
52.

NUMERICAL EXAMPLES

This section demonstrates the accuracy of the perturbation formu-
las using numerical examples performed on the P-wave. Eight test
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Table 1. Viscoelastic parameters. Two-index Voigt notation is used for
density-normalized elastic parameters af}kf and quality parameters g;;.
Parameter A% and Qg are not listed because the P-wave is not sensitive to
them.

Elastic parameters Attenuation parameters

R

AIIQI Al|2 A§3 A44
Model  (km?/s?)  (km?/s?) (km?/s?) (km?/s?) Ou O3 033 Ou

Al 144 4.50 9.00 2.25 7.5 4 5

A2 14.4 4.50 9.00 2.25 15 8 10 8
A3 14.4 4.50 9.00 2.25 30 16 20 16
A4 14.4 4.50 9.00 2.25 60 32 40 32
B1 10.8 3.53 9.00 2.25 7.5 4 5

B2 10.8 3.53 9.00 2.25 15 8 10 8
B3 10.8 3.53 9.00 2.25 30 16 20 16
B4 10.8 3.53 9.00 2.25 60 32 40 32

Table 2. Viscoelastic parameters in Thomsen notation. For a definition of
parameters in Thomsen notation, see Thomsen (1986) and Zhu and Tsvankin
(2006). Parameters y and vy, are not listed because the P-wave is insensitive to
them.

Elastic parameters Attenuation parameters

VPU VSO APO ASO

Model  (km/s)  (km/s) € ) (1073 (1072 €0 8o

Al 3.00 1.50 0.30 0.00 9.90 12.31 —0.333 0.500
A2 3.00 1.50 0.30 0.00 4.99 6.23 —0.333 0.500
A3 3.00 1.50 0.30 0.00 2.50 3.12 —0.333 0.500
A4 3.00 1.50 0.30 0.00 1.25 1.56 —0.333 0.500
Bl 3.00 1.50 0.10 —=0.10 9.90 12.31 —0.333 0.383
B2 3.00 1.50 0.10 -0.10 4.99 6.23 —0.333 0.383
B3 3.00 1.50 0.10 —-0.10 2.50 3.12 —0.333 0.383
B4 3.00 1.50 0.10 —=0.10 1.25 1.56 —0.333 0.383

Table 3. P-wave velocity and attenuation anisotropy. The values V', A™, and
Q™ are the mean P-wave ray velocity, attenuation, and Q-factor; ay”, a, and
ay” are the P-wave ray velocity anisotropy, attenuation anisotropy, and

-factor anisotropy. The anisotropy is calculated as a = 200 (U™ — U™in)/
(Umax 4 ymin), where U™ and U™™ are the maximum and minimum values of
the respective quantity.

Model Ve (km/s) @ (%) A™ (skm)  a® (%) O™ a (%)
Al 3.32 22.6 28.8X 1073 64.3 5.4 45.4
A2 3.28 232 147X 1073 65.4 10.8 45.4
A3 3.27 23.3 74%1073 65.6 21.5 45.4
A4 3.27 23.4 3.7%x 1073 65.7 43.0 45.4
Bl 3.10 9.5 30.2X1073 53.9 5.4 45.6
B2 3.07 103 154X 1073 55.1 10.9 45.6
B3 3.06 10.5 7.7%X1073 55.4 21.7 45.6
B4 3.06 10.5 3.9%x 1073 55.4 435 45.6

viscoelastic models display transverse isotropy
with various strength of anisotropy and attenua-
tion. The anisotropy strength ranges from 10% to
20%, close to observations typical for sedimenta-
ry rocks (Thomsen, 1986; Vernik and Liu, 1997,
Jakobsen and Johansen, 2000). The Q-factors
range over a broad interval of values, from mod-
erate (Q = 40-60) to very strong (Q = 5-7) at-
tenuation. The very strong attenuation is rather
extreme and typically is not measured (Shank-
landetal., 1993; Liuetal., 1997; Bestetal., 2007)
or predicted from theoretical models of sedimen-
tary rocks (Carcione, 2000; Carcione et al.,
2003). Here, it demonstrates limits of applicabili-
ty of perturbations. Although the models are arti-
ficial and do not cover all possible variations of
anisotropy and attenuation in realistic rocks, they
should give sufficient insight into the efficiency
of perturbation formulas derived.

The viscoelastic parameters of the models are
summarized in Tables 1 and 2. Table 1 lists the pa-
rameters in Voigt notation, and Table 2 lists them
in Thomsen notation. The eight models combine
two models of velocity anisotropy (models A and
B) and four levels of attenuation (models A1-A4
and B1-B4). The P-wave anisotropy is about
23% for models A1-A4 and about 10% for mod-
els B1-B4 (see Table 3). The strongest attenua-
tion is in models A1 and B1, the mean Q™ -factor
being about 5.5. The weakest attenuation is in
models A4 and B4, the mean Q™-factor being
about 43.5. The attenuation anisotropy is 65% for
models A1-A4 and 55% for models B1-B4. The
Q-factor anisotropy is 45.5% for all eight models.
The frequency of the signal is assumed to be
30 Hz.

Figure 1 shows polar plots of the P- and SV-
wave group velocities for the elastic background
of models A and B. The SV-wave group velocity
displays a triplication. The triplication causes a
nonunique relation between the phase and ray di-
rections. For some ray directions, three wave nor-
mals can be observed (see Figure 2). As men-
tioned, the triplication prevents the perturbation
formulas from being applicable; hence, the calcu-
lations are performed only for the P-wave.

Figure 3 shows the directional variations of
real and imaginary parts of the slowness, the di-
rectional variations of the phase and ray veloci-
ties, the attenuations, and the Q-factors for model
Al. The angles range from 0° to 90°. The slow-
ness, velocities, attenuations, and Q-factors are
calculated using two approaches: (1) asymptotic
formulas described in Vavry¢uk (2007b) and (2)
the first-order perturbations derived in this paper.
Figure 3 shows that the perturbations yield biased
results with errors of about 2%—4%. The best ap-
proximation is obtained for the Q-factor, with er-
rors less than 0.5%.
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Figure 1. Polar plots of the P- and SV-wave group
velocities for models A and B. (a) P-wave velocity
inmodel A, (b) SV-wave velocity in model A, (c) P-
wave velocity in model B, and (d) SV-wave veloci-
ty in model B. Only parameters of the elastic back-
ground medium are considered. For parameters of
the models, see Tables 1 and 2.

Figure 2. P- and SV-wave phase angles as a func-
tion of the ray direction for models A and B. (a)
P-wave phase angle in model A, (b) SV-wave phase
angle in model A, (c) P-wave phase angle in model
B, and (d) SV-wave phase angle in model B. Only
parameters of the elastic background medium are
considered. For parameters of the models, see Ta-
bles 1 and 2.
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Table 4. Maximum errors of the first-order perturbations. The error for a
particular ray is calculated as E = 100|Ut — Uprox|/U=>t, where U** and
U@rrx gre the exact and approximate values of the respective quantity. The

presented values are the maxima over all rays.

Error Error Error Error Error Error Error Error

R i }/phase Vray Aphase Aray Qphase ray

Model (%) (%) (%) (%) (%) (%) (%) (%)
Al 1.72 4.25 1.63 1.63 2.88 2.79 0.13 0.50
A2 0.44 1.08 0.42 0.42 0.73 0.70 0.10 0.13
A3 0.11 0.29 0.11 0.11 0.19 0.18 0.10 0.04
A4 0.03 0.10 0.03 0.03 0.10 0.05 0.10 0.03
Bl 1.66 3.84 1.63 1.63 2.79 2.80 0.10 0.50
B2 0.42 0.97 0.42 0.42 0.70 0.71 0.05 0.13
B3 0.11 0.25 0.11 0.11 0.18 0.18 0.05 0.04
B4 0.03 0.07 0.03 0.03 0.05 0.05 0.05 0.02

Model Al displays the strongest attenuation
among models A1-A4, exhibiting that the pertur-
bation formulas work with the lowest accuracy.
For models of weaker attenuation, the accuracy
increases. For models A2, A3, and A4, the errors
are less than 1%, 0.3%, and 0.1%, respectively
(see Table 4). Figure 4 compares the asymptotic
solution and the first-order perturbations for
model A3, proving that the differences between
the solutions are almost invisible. Similar values
of errors also are obtained for models B1-B4 (see
Table 4).

Figures 5 and 6 compare the correct asymptot-
ics, the first-order perturbations, and the perturba-
tions with improved accuracy for models A1 and
B1. The errors are summarized in Table 5. The
comparison indicates that the accuracy of the
first-order perturbations is improved remarkably
by following the procedure described earlier. For
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Figure 4. Plots of real and imaginary parts of (a, b)
P-wave slowness, (c, d) P-wave phase and ray ve-
locities, (e, f) attenuations, and (g, h) Q-factors in
model A3. Solid line — exact formulas; dashed line
— first-order perturbations.

Figure 5. Plots of (a, b) P-wave slowness and (c, d)
velocities in model A1l. Solid line — exact formu-
las; dotted line — first-order perturbations; dashed
line — perturbations with improved accuracy.
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Figure 6. Plots of (a, b) P-wave slowness and (c,d) ~ a) b)
velocities in model B1. Solid line — exact formu- 0.34 € oo0%6—
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Table 5. Maximum errors of the improved perturbations.

Ray angle ()
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metric tensor of the background medium HY,.
Equation 38 for calculating Ap is the key result of

this paper. Once Ap is evaluated, calculating

Error p* Error p/ Error Vrhase Error Vv Aphase - gphase - and pphase jg gtraightforward (see

Model (107'%) (10~ '%) (10~ '%) (10~'%) equations 48, 49, and 51). Calculating the ray

quantities A™ and Q™ is even simpler than calcu-

Al 4.60 23.62 4.68 3.72 lating the corresponding phase quantities. The

A2 1.25 6.22 1.11 1.02 ray quantities can be expressed in terms of medi-

A3 0.33 1.70 0.29 026 um perturbations Aa;;, without the need to calcu-

late Ap (see equations 57 and 59). This finding is

Ad 0.13 L.17 0.13 0.07 important because it can greatly facilitate the in-

B1 2.36 18.11 241 2.16 version for quality parameters from observations
B2 0.67 4.77 072 0.62 of wave attenuation in anisotropic media.

The derived formulas are valid under the fol-

B3 0.18 1.27 0.20 0.16 lowing limitations. First, they describe high-fre-

B4 0.05 0.54 0.06 0.04

quency wavefields at distances far from the

models Al and B1, which have the strongest attenuation, the refined
formulas yield the errors in the phase and ray velocities less than
0.5%. This documents that the perturbation approach is sufficiently
accurate not only for media with weak attenuation but for the whole
range of attenuative media, which might be observed in seismology
and seismic exploration.

CONCLUSIONS

For calculating asymptotic wave quantities in media with attenua-
tion, it is advantageous to apply the first-order perturbation theory.
The elastic medium is considered as a background medium, and the
attenuation effects are incorporated as perturbations. Interestingly,
some quantities are unaffected by the first-order perturbations being
the same for perturbed as well as unperturbed media. This concerns
the phase and ray velocities and their directions. The perturbations of
the slowness vector, the polarization vector, and the other quantities
under study are nonzero.

The most complicated task is to calculate perturbation of the sta-
tionary slowness vector Ap. Perturbation Ap is calculated by solv-
ing a system of three linear equations; it involves inverting the wave

source. Second, the wave must not propagate in
directions close to cusp edges on the wave surface
because the standard asymptotics fail in these directions. Third, the
wave must not propagate near directions associated with singulari-
ties (acoustic axes) on the slowness surface because the Christoffel
tensor becomes nearly degenerate and the standard perturbation for-
mulas fail.

Numerical modeling documents that the first-order perturbations
are highly accurate. They yield a reasonable accuracy even for ex-
tremely strong attenuation. The accuracy is 4% or less for media
with a Q-factor of about five, and 0.3% or less for media with a
Q-factor of 20 or higher. Because most rocks in the earth’s crust and
in the mantle are characterized by Q-factors higher than 20, the ap-
plicability area of the first-order perturbations is very broad, cover-
ing applications from global earthquake seismology to seismic ex-
ploration. Moreover, the accuracy of perturbations can be enhanced
further. If perturbations are used only to calculate the complex direc-
tion of the stationary slowness vector and all other computations are
performed exactly, the accuracy is remarkably higher. This costs al-
most no additional computer time and results in errors of the phase
and ray velocities less than 0.5% in media with a Q-factor of five and
less than 0.03% in media with a Q-factor of 20 or higher.
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