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Behavior of rays near singularities in anisotropic media

V. Vavryčuk*
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~Received 7 May 2002; published 27 February 2003!

The ray field can display a complicated pattern near singularities~acoustic axes! in inhomogeneous aniso-
tropic elastic media. The peculiarities in the ray field arise particularly near conical and wedge singularities,
which generate linear, circular, or elliptical anticaustics in their vicinities. The anticaustics represent barriers
for rays and prevent the rays from crossing them. If the rays approach the anticaustic, they can be strongly
curved and deflected from their original direction. The rays outside the anticaustic are forced to move around
the anticaustic. The rays inside the anticaustic are captured and forced to pass the caustic generated by the
singularity.
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I. INTRODUCTION

Singularities~also called acoustic axes or degeneraci!
are directions in anisotropic media in which two or thr
waves have coincident phase velocities.1–7 These directions
are extremely important because they can cause anomali
the field of polarization vectors8,9 and in the geometry of the
slowness and wave surfaces.10,11 For example, the Gaussia
curvature of the slowness surface can be infinite or it m
not even be defined in the singularity.12,13 Singularities are
usually connected with the presence of caustics.14–17 The
caustics complicate the geometry of rays, but do not p
complications in ray-tracing equations. However, singula
ties often cause trouble in tracing rays. Since the medium
degenerate in singularities, the standard ray-tracing equa
in anisotropic media18–22 produce numerical instabilities, o
they even fail whenever the ray approaches near-singula
directions.23 So far these complications have not allowed t
geometry of rays in these directions to be studied; he
little is known about the behavior of rays under anisotro
with singularities. In this paper, the behavior of rays ne
singularities in inhomogeneous anisotropic elastic media
studied by numerical modeling. The ray-tracing algorith
developed by Vavrycˇuk24 is applied. The algorithm is a
modification of the ray tracing based on evaluating the rig
hand sides of equations using the polarization vectors of
traced wave. The algorithm is numerically stable and yie
correct results when tracing rays in anisotropic media w
all kinds of singularities. This enables us to address part
larly the following points: Can a ray touch or cross the s
gularity? Is the geometry of the ray field affected by t
singularity? How do the ray fields for various kinds of si
gularities differ? Is the ray field affected by caustics a
anticaustics associated with the singularity?

II. RAY TRACING IN ANISOTROPIC MEDIA
WITH SINGULARITIES

Ray-tracing equations for inhomogeneous anisotro
elastic media are expressed as follows:20,22,24

dxi

dt
5ai jkl plgjgk ,

dpi

dt
52

1

2

]ajkln

]xi
pkpngjgl , ~1!
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where x is the position vector,t is the travel time,p
5]t/]x5n/c is the slowness vector,n is the slowness di-
rection,c is the phase velocity,g is the polarization vector,
andai jkl is the density-normalized elasticity tensor. The p
larization vectorg is calculated from

G jkgk5Ggj , ~2!

where

G jk~n!5ai jkl ninl . ~3!

The Christoffel tensorG jk(n) has three eigenvaluesG, which
are real valued and positive (G5c2), and three eigenvector
g. The eigenvalues correspond to three waves (P, S1, and
S2) propagating in anisotropic media, and the eigenvec
correspond to the polarization vectors of these three wav

Equations~1! and~2! can be readily used for tracing ray
outside singularities. Since the Christoffel tensor is non
generate, the polarization vectorg is determined uniquely
from Eq.~2! and the right-hand sides of Eq.~1! are evaluated
without difficulties. However, if the medium contains sing
larities, Eqs.~1! and ~2! are not sufficient for tracing rays
Since the Christoffel tensor is degenerate in singularities,
~2! yields an ambiguous solution forg. Hence, we canno
evaluate the right-hand sides of Eq.~1! uniquely. In this case,
Eqs. ~1! and ~2! must be complemented by an addition
condition requiring the polarization vector of the traced wa
to be continuous along the ray.24 This condition is automati-
cally satisfied when tracing rays in regular directions, b
must be explicitly required in singular directions. If we d
not pose this condition, the ray tracing can produce unph
cal abrupt changes of the ray direction in the singularity.

III. EXAMPLES

The behavior of rays is studied near the kiss, conical,
wedge singularities9,15,17 occurring in transversely isotropic
cubic, and monoclinic media. The media are chosen to
simple and illustrative rather than to describe properties o
real specific material. The geometry of rays is studied us
the so-called ‘‘ray plots.’’ The ray plots are equal-area plo
which transform each ray direction into a point inside
circle ~see Fig. 1!. The center of the circle corresponds to t
©2003 The American Physical Society05-1
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vertical direction. The points on the circle correspond to
constant deviation of rays from the vertical axis. The posit
of the point is calculated from the ray direction as follows25

x5sin
u

2
cosf, y5sin

u

2
sinf, ~4!

whereu is the deviation of the ray from the vertical axis an
f is the polar angle of the ray direction defined in the ho
zontal plane. If the ray is a straight line, it projects onto o
point in the ray plot. If the ray is bent due to a gradient in t
medium, the ray projects onto a curve. The form of the cu
defines the variation of the ray direction in time. The r
plots are particularly suitable for illustrating a complicat
three-dimensional~3D! geometry of rays.

A. Kiss singularity

The kiss singularity arises if the slowness sheets of
waves touch tangentially at an isolated point. A typical k
singularity occurs along the rotational symmetry axis
transverse isotropy and along symmetry axes in cubic
tetragonal symmetries.13,14,16,26We consider two anisotropy
models ~see Fig. 2!: ~a! transverse isotropy and~b! cubic
anisotropy. Both models are inhomogeneous with a cons
velocity gradiente along thex axis. The source of waves i
situated at the origin of coordinates. At the source the ela
parameters are~in km2 s22) ~a! a115a225a3356.25, a44
5a555a6652.50, a1251.25, anda135a2354.50 and ~b!
a115a225a3356.25, a445a555a6652.08, and g5a12
2a1112a4452.00. The parameterg is the measure of the
strength of anisotropy. The elastic parameters at other po
of the medium are calculated as follows:

akl~x!5akl~x0!~11ex!2, ~5!

whereakl(x0) are the density-normalized elastic paramet
at the source in the Voigt notation and the gradiente equals
0.01 km21. The anisotropy in both models is rather stron
hence wave sheets form triplications~see Fig. 2!.

Anisotropy model~a! generates a kiss singularity alon
the vertical axis. The topological charge of the field of p
larization vectors is11 in the singularity. The shapes of th
slowness and wave sheets in the singularity and its vici

FIG. 1. Thex-z ~left! and equal-area~right! projections of a ray.
The center of the circle coincides with the vertical axis. The cir
corresponds to a constant deviation of ray directions from the
tical axis. The dots mark the points on the ray~left! and the corre-
sponding ray directions at these points~right!.
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are convex for the fastS wave, but concave for the slowS
wave. The rays are shot from the source in the followi
interval of angles:q55°, wP^240°,40°& in steps of 8°,
where q is the deviation of the slowness vector from th
vertical axis andw is the polar angle of the slowness vecto

Figure 3 shows the ray plots for fast and slowS waves
near the kiss singularity in model~a!. The gradient in the
medium is along thex axis and causes that rays are n
straight lines, but change their directions with time. T
change of the ray directions follows the direction of the g
dient in the medium for bothS waves, but the sign of this
change is opposite. This is caused by the different shape
the slowness sheets near the singularity: the slowness sh
convex for the fastSwave, but concave for the slowSwave.
No other irregularities are observed in the ray field. Hen
one can conclude that the ray field is fully controlled by t
gradient in the medium and that the kiss singularity indu
no effects or anomalies in the ray field.

Also anisotropy model~b! generates a kiss singularit
along the vertical axis. The topological charge of the pol
ization field is11 in the singularity. The shapes of the slow
ness and wave sheets are more complex in model~b! than in
model~a!. The slowness and wave sheets are not smooth
the Gaussian curvature is not defined in the singular
Moreover, the singularity is touched by caustics on the wa
surface~see Fig. 4, upper plots!. The rays are shot from the
source in the following interval of angles:q516°,
wP^235°,35°& in steps of 5°.

The behavior of the rays near the singularity is rath
complex~see Fig. 4, lower plots!. The rays do not follow the
direction of the velocity gradient in the medium as in mod
~a!, but they can deviate significantly from this directio
forming complicated 3D curves. The ray field is also affect
by the caustics occurring around the singularity and touch
the singularity.

B. Conical singularity

The conical singularity arises if two slowness sheets to
through vertices of cone-shaped surfaces.9,27,28The singular-
ity on the slowness surface generates a caustic and antic
tic on the wave surface.14,15,17,29The anticaustic is circular o
elliptical.

The behavior of rays near a conical singularity is stud
in two anisotropic models~see Fig. 5!: ~c! transverse isot-
ropy and~d! cubic anisotropy. Both models are inhomog
neous with constant velocity gradiente50.01 km21 along
thex axis. The source of waves is situated at the origin of
coordinates. At the source the elastic parameters are~in
km2 s22) ~c! a115a225a3356.00, a445a555a6653.00,
a125a1122a6650, anda135a2350 and~d! a115a225a33
56.25, a445a555a6652.08, and g5a122a1112a44
52.50. The elastic parameters at other points of the med
were calculated using Eq.~5!.

Anisotropy ~c! is a transverse isotropy with a vertica
symmetry axis~see Fig. 5, upper plots!. This transverse isot-
ropy is, however, very special, because it forms a con
singularity along the symmetry axis,30 instead of the kiss
singularity usually observed under this symmetry. The to
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FIG. 2. The sections of the
slowness and wave surfaces fo
anisotropic models~a! and ~b! in
the x-z plane. The dashed an
solid lines denote the slownes
and wave sheets of the fast an
slow waves, respectively. For th
parameters of the~a! and~b! mod-
els, see the text.
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logical charge of the polarization field in the singularity
11. The conical singularity generates a caustic and an a
caustic. The caustic is along the symmetry axis. The a
caustic is circular deviating from the symmetry axis by an
u526.56°. The rays are shot from the source in the follo
ing interval of angles:q515°, wP^250°, 50°& in steps of
10°, whereq is the deviation of the slowness vector fro
the vertical axis andw is the polar angle of the slownes
vector.

The ray field near the conical singularity is shown
Fig. 6. The ray field is mainly controlled by the anticaus
associated with the conical singularity. The anticaus
distorts the rays and causes that the rays cannot touc
Hence the anticaustic behaves like an obstacle, wh
05410
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must be bypassed. The only rays touching and cross
the anticaustic are rays lying in thex-z plane. If the
ray crosses the anticaustic, the fast wave becomes s
and the slow wave becomes fast. If the ray deviates fr
the x-z plane and approaches the anticaustic, it can
cross the singularity and is bent~see Fig. 6, lower plots!.
Hence, the anticaustic separates two domains: the dom
of the fast wave that is outside the anticaustic and the dom
of the slow wave that is inside the anticaustic. The ra
of the slow wave are captured inside the anticaustic. T
are prevented from crossing the anticaustic and focu
into the point caustic, which is in the center of the antica
tic. Thus the caustic focuses rays while the anticau
repels them.
l
-

f

FIG. 3. The behavior of rays
near the kiss singularity in mode
~a!. The cross marks the kiss sin
gularity. The left~right! circle cor-
responds to deviations o
10° (4°) of the ray directions
from the singularity. The dots
mark the initial directions of the
rays.
5-3
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FIG. 4. The form of caustics
~upper plots, dotted lines! and of
rays~lower plots, solid lines! near
the kiss singularity in model~b!.
The plots are centered on the sin
gularity. The circles correspond to
a deviation of 13° of the ray direc
tions from the singularity. The
dots in the lower plots mark the
initial directions of the rays.

FIG. 5. The sections of the
slowness and wave surfaces fo
anisotropic models~c! and ~d! in
the x-z plane. The dashed an
solid lines denote the slownes
and wave sheets of the fast an
slow waves, respectively. Thex
axis in model ~d! is along the
^110& crystallographic axis. For
the parameters of the~c! and ~d!
models, see the text.
054105-4
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BEHAVIOR OF RAYS NEAR SINGULARITIES IN . . . PHYSICAL REVIEW B67, 054105 ~2003!
FIG. 6. The ray plots for the
fast ~right! and slow~left! waves
near the conical singularity in
model~c!. The anticaustic~dashed
line! corresponds to a deviation o
26.56° of the ray directions from
the vertical axis. The dots mark
the initial directions of the rays.
The lower plots show the detaile
behavior of the rays in the clos
vicinity of the anticaustic.

FIG. 7. The form of caustics
~upper plots, dotted lines! and of
rays~lower plots, solid lines! near
the conical singularity in mode
~d!. The plots are centered on th
singularity. The anticaustics
~dashed circles! correspond to a
deviation of 25.30° of the ray di-
rections from the vertical axis
The boundary circles in the uppe
plots correspond to a deviation o
50° of the ray directions from the
vertical axis. The scales of uppe
and lower figures are different.
054105-5
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V. VAVRYČUK PHYSICAL REVIEW B 67, 054105 ~2003!
FIG. 8. The sections of the
slowness and wave surfaces fo
monoclinic anisotropy in thex-z
~a! andy-z ~b! planes. The dashed
and solid lines denote the slow
ness and wave sheets of the fa
and slow waves, respectively. Fo
the parameters of the model, se
the text.
e
n

so

th

l-

an

h
e
s
at
a
st

in
ce
s
of
e

ave
by
the
the

ed

ity
s
the

pa-
sing

rity
ar-
w-
per-

ng
tics
e

Anisotropy ~d! generates a conical singularity in th
^111& direction. The topological charge of the polarizatio
field in the singularity is 0.5. The anisotropy is rotated
that the singularity is along thez axis. The singularity
generates a circular anticaustic. The ray directions at
anticaustic deviate from its center by angleu525.30°. The
anisotropy also forms caustics for bothS waves~see Fig. 7,
upper plots!. The rays were shot from the source in the fo
lowing interval of angles:q56°, wP^250°, 50°& in steps
of 10°.

Figure 7 ~lower plots! shows ray plots for bothS
waves. The geometry of rays is affected by caustics
anticaustics near the singularity. Likewise in model~c!
~see Fig. 6!, the anticaustic represents a barrier for rays. T
rays of the fastS wave flow around the anticaustic, whil
the rays of the slowSwave are captured inside the anticau
tic. The captured rays pass the caustic, which is gener
by the conical singularity. Passing the caustic the rays le
the anticaustic domain, and the influence of the anticau
on the rays is lost.

C. Wedge singularity

The wedge singularity is defined as the direction
which two slowness sheets touch through the verti
of wedge-shaped surfaces.9,31 The wedge singularity arise
from the conical singularity, if one of the semiaxes
the elliptical base of the cone goes to infinity. Th
05410
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wedge singularity generates a linear anticaustic on the w
surface. Since the wedge singularity is always touched
parabolic lines on the slowness sheet of the slow wave,
anticaustic is touched by the caustic at two points on
wave surface.

The ray field near the wedge singularity is studi
in monoclinic anisotropy~see Fig. 8! built by perturbing
a cubic anisotropy by adding nonzero parametera25. The
anisotropy model is inhomogeneous with constant veloc
gradiente50.01 km21 along thex axis. The source of wave
is situated at the origin of coordinates. At the source
elastic parameters are~in km2 s22) a115a225a3356.25,
a445a555a6652.08, g5a122a1112a4452.00, and a25
51.00. The remaining parameters are zero. The elastic
rameters at other points of the medium were calculated u
Eq. ~5!.

The studied anisotropy generates the wedge singula
along the vertical axis. The topological charge of the pol
ization field in the singularity is 0. The shapes of the slo
ness and wave sheets illustrate the very exceptional pro
ties of the wedge singularity~see Fig. 8!. While the slowness
sheets ofS waves touch tangentially in thex-z plane, they
touch through the vertices of two wedges in they-z plane.
The linear anticaustic associated with the singularity is alo
they axis. The anticaustic is touched at its edges by caus
~see Fig. 9, upper plots!. The rays were shot from the sourc
in the following interval of angles:q510°, wP^25°,5°& in
steps of 1°.
5-6
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BEHAVIOR OF RAYS NEAR SINGULARITIES IN . . . PHYSICAL REVIEW B67, 054105 ~2003!
FIG. 9. Caustics on the wave
sheets~upper plots, dotted lines!
and rays~lower plots, solid lines!
for the fast~right! and slow~left!
S waves near the wedge singula
ity. The dashed line marks the an
ticaustic associated with the
wedge singularity. The boundar
circles correspond to a deviatio
of 18° of the ray directions from
the vertical axis.
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The ray plots~see Fig. 9, lower plots! show that the ge-
ometry of rays is strongly affected by the presence of
anticaustic. Similarly as for the conical singularity, the an
caustic prevents rays from simply following the gradient
rection and deflects them so that they do not cross but m
around the anticaustic. The rays are bent and focused a
edges of the anticaustic, where the anticaustic is touche
the caustic. Beyond the anticaustic, the rays are force
pass a cusped edge of the anticaustic, which lies in thex-z
plane. The only rays not affected by the anticaustic are
rays in thex-z plane.

IV. CONCLUSIONS

The geometry of rays can display a complicated patter
inhomogeneous anisotropic media. The ray field is affec
not only by the velocity gradient as in isotropic media, b
also by the symmetry and strength of anisotropy. The ani
ropy can strongly affect the ray fields and introduce effec
which cannot be observed under isotropy. For exam
while the rays are 2D~planar! curves in 1D inhomogeneou
isotropic media, the rays can form complicated 3D curves
1D inhomogeneous anisotropic media. While the bending
rays follows the direction of the velocity gradient in isotrop
media, the bending of rays may significantly deviate fro
this direction in anisotropic media.

Peculiarities in the ray fields can also be induced by s
gularities in anisotropy. This concerns namely conical a
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wedge singularities, which generate caustics and anticau
in their vicinity. The role of the anticaustic in forming the ra
field is particularly interesting. The anticaustic prevents
rays from simply following the gradient direction in the m
dium and deflects them so that they do not cross it. Hen
the anticaustic behaves like a barrier for a ray. The antica
tic of the wedge singularity is linear and the rays mo
around it. The anticaustic of the conical singularity is elli
tical or circular and separates two domains: the domain
the fast wave that is outside the anticaustic and the domai
the slow wave that is inside the anticaustic. The rays outs
the anticaustic move around it, while the rays inside the
ticaustic are captured. The captured rays are forced to
the caustic generated by the conical singularity. Passing
caustic the influence of the anticaustic on the rays is lo
One can observe that the anticaustic is also crossed by a
but only in very exceptional cases. If the ray passes the
ticaustic, the slow wave becomes fast and the fast wave
comes slow.
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V. VAVRYČUK PHYSICAL REVIEW B 67, 054105 ~2003!
*Electronic address: vv@ig.cas.cz
1F. I. Fedorov,Theory of Elastic Waves in Crystals~Plenum, New

York, 1968!.
2M. J. P. Musgrave,Crystal Acoustics~Holden-Day, San Fran-

cisco, 1970!.
3S. Crampin and M. Yedlin, J. Geophys.49, 43 ~1981!.
4M. J. P. Musgrave, Proc. R. Soc. London, Ser. A401, 131~1985!.
5B. M. Darinskii, Crystallogr. Rep.39, 697 ~1994!.
6Ph. Boulanger and M. Hayes, Proc. R. Soc. London, Ser. A454,

2323 ~1998!.
7K. Helbig, Foundations of Anisotropy for Exploration Seismi

~Pergamon, New York, 1994!.
8V. I. Alshits, A. V. Sarychev, and A. L. Shuvalov, Sov. Phys. JE

62, 531 ~1985!.
9A. L. Shuvalov, Proc. R. Soc. London, Ser. A454, 2911~1998!.

10V. Yu. Grechka and I. R. Obolentseva, Geophys. J. Int.115, 609
~1993!.

11A. L. Shuvalov and A. G. Every, J. Acoust. Soc. Am.101, 2381
~1997!.

12A. L. Shuvalov and A. G. Every, Phys. Rev. B53, 14 906~1996!.
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23I. Pšenčı́k and J. Dellinger, Geophysics66, 308 ~2001!.
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