
COMPARISON OF RAY METHODSWITH THE EXACT SOLUTION IN THE 1-D ANISOTROPIC\SIMPLIFIED TWISTED CRYSTAL" MODELP. Bulant1, L. Klime�s1, I. P�sen���k2 and V. Vavry�uk21 Department of Geophysis, Faulty of Mathematis and Physis, Charles University,Ke Karlovu 3, 121 16 Praha 2, Czeh Republi(bulant�seis.karlov.m�.uni.z, klimes�seis.karlov.m�.uni.z)2 Geophysial Institute, Aademy of Sienes of Czeh Republi,Bo�n�� II 1401, 141 31 Praha 4, Czeh Republi (ip�ig.as.z, vv�ig.as.z)Reeived: April 30, 2003; Revised: November 22, 2003; Aepted: February 24, 2004ABSTRACTThe exat analytial solution for the plane S wave, propagating along the axisof spirality in the simple 1-D anisotropi \simpli�ed twisted rystal" model, is om-pared with four di�erent approximate ray{theory solutions. The four di�erent raymethods are (a) the oupling ray theory, (b) the oupling ray theory with the quasi{isotropi perturbation of travel times, () the anisotropi ray theory, (d) the isotropiray theory. The omparison is arried out numerially, by evaluating both the ex-at analytial solution and the analytial solutions of the equations of the four raymethods. The omparison simultaneously demonstrates the limits of appliability ofthe isotropi and anisotropi ray theories, and the superior auray of the ouplingray theory over a broad frequeny range. The omparison also shows the possibleinauray due to the quasi{isotropi perturbation of travel times in the equations ofthe oupling ray theory. The oupling ray theory thus should de�nitely be preferredto the isotropi and anisotropi ray theories, but the quasi{isotropi perturbation oftravel times should be avoided. Although the simpli�ed twisted rystal model is de-signed for testing purposes and has no diret relation to geologial strutures, thewave{propagation phenomena important in the omparison are similar to those inthe models of geologial strutures.In additional numerial tests, the exat analytial solution is numerially om-pared with the �nite{di�erene numerial results, and the analytial solutions of theequations of di�erent ray methods are ompared with the orresponding numerialresults of 3-D ray{traing programs developed by the authors of the paper.Keywords : oupling ray theory, quasi{isotropi approximation, anisotropiray theory, isotropi ray theory, validity onditions of ray methodsStud. Geophys. Geod., 48 (2004), 675{688 2004 StudiaGeo s.r.o., Prague 675



P. Bulant et al.1. INTRODUCTIONIn the isotropi ray theory, the veloities of both S{wave polarizations are as-sumed to be equal, whih applies to stritly isotropi models only. In the anisotropiray theory, both S{wave polarizations are assumed to be stritly deoupled, whihan only be ful�lled in onsiderably anisotropi models. Thomson, Kendall andGuest (1992) demonstrated analytially that the high{frequeny asymptoti errorof the anisotropi ray theory is inversely proportional to the seond or higher rootof frequeny if a ray pass through the point of equal S{wave eigenvalues of theChristo�el matrix. The oupling ray theory (Coates and Chapman, 1990 ) is appli-able at all degrees of anisotropy, from isotropi to onsiderably anisotropi mod-els. The frequeny{dependent oupling ray theory is the generalization of both thezero{order isotropi and anisotropi ray theories and provides ontinuous transitionbetween them. P�sen���k and Dellinger (2001) numerially ompared the oupling raytheory with the isotropi ray theory, anisotropi ray theory and reetivity method.One of the simplest models, useful for demonstrating the limits of appliability ofthe zero{order isotropi and anisotropi ray theories and for testing the oupling raytheory, is the \simpli�ed twisted rystal" model. R�umpker, Tommasi and Kendall(1999) numerially ompared their oupling ray theory algorithm, based on the \for-ward propagator method", with the anisotropi ray theory in the ase of the planeS wave vertially propagating in several simple 1-D anisotropi models, inludingthe simpli�ed twisted rystal model.The \twisted rystal" model is reated of a homogeneous anisotropi elasti ma-terial by uniformly helioidally twisting the x1x2 oordinate plane about the x3Cartesian oordinate axis. The great advantage of this model is that the exat an-alytial solution for the plane S wave propagating along the axis of spirality an bederived analytially (Lakhtakia, 1994 ; Klime�s, 2004 ). The general plane{wave solu-tion for the general initial onditions expressed in terms of displaement and stresswas derived by Lakhtakia (1994), who also presented expliit analytial equationsfor the \simpli�ed twisted rystal" model with vanishing elasti moduli a1333 anda2333, in whih the u1 and u2 displaement omponents are stritly separated fromthe longitudinal u3 omponent. Klime�s (2004) onentrated on the 2�2 one{waypropagator matries in the simpli�ed twisted rystal model, suitable for omparisonwith the oupling ray theory.The simpli�ed twisted rystal model is designed for testing purposes and has nodiret relation to geologial strutures, but the rotation of the eigenvetors of theChristo�el matrix about the ray and the related wave{propagation phenomena aresimilar to those in the models of geologial strutures. In the simpli�ed twistedrystal model, the rotation of the eigenvetors of the Christo�el matrix orrespondsto the rotation of the rystal axes. In the models of geologial strutures, the rotationof the eigenvetors of the Christo�el matrix is usually aused by the heterogeneitiesbending rays rather than by the rotation of the rystal axes.The main objetive of this paper is to demonstrate the appliability and au-ray of the oupling ray theory, of the anisotropi ray theory and of the isotropi676 Stud. Geophys. Geod., 48 (2004)



Comparison of Ray Methods in the \Simpli�ed Twisted Crystal" Modelray theory. We ompare numerially the exat analytial solution with four dif-ferent approximate ray{theory solutions. The approximate solutions orrespond tothe oupling ray theory of Coates and Chapman (1990) implemented aording toBulant and Klime�s (2002), to the quasi{isotropi perturbation of travel times in-luded in the quasi{isotropi approximation of the oupling ray theory aording toP�sen���k (1998a) and P�sen���k and Dellinger (2001), and to the zero{order anisotropiand isotropi ray theories. For the exat analytial solution and for the analytialsolutions of the equations of the four ray methods, refer to Klime�s (2004).The numerial omparison of the four ray methods with the exat solution in thesimpli�ed twisted rystal model is disussed in Setion 4. The numerial omparisonalso draws our attention to the di�erenes between various implementations of theoupling ray theory, based on various quasi{isotropi approximations (Bulant andKlime�s, 2004 ; Klime�s and Bulant, 2004 ).In additional numerial tests summarized in Setion 5, the exat analytial solu-tion and the approximate analytial ray{theory solutions are ompared with analo-gous numerial results of the general{purpose omputer odes developed by the au-thors of the paper. These omparisons are very important in heking the equations,in debugging the 3-D ray traing and oupling{ray{theory programs, in debuggingsingle{purpose programs for the analytial solutions, and in testing the numerialauray of various omputer odes. The exat analytial solution is numeriallyompared with the results of �nite di�erenes (Vavry�uk, 1999 ). The analytialsolution of the equations of the oupling ray theory is ompared with the resultsof the 3-D ray traing pakages ANRAY (P�sen���k, 1998a,b) and CRT ( �Cerven�y,Klime�s and P�sen���k, 1988 ). The analytial solution of the equations of the ouplingray theory with the quasi{isotropi perturbation of travel times is ompared withthe results of the 3-D ray traing pakage ANRAY. The analytial solution of theequations of the isotropi ray theory is ompared with the results of the 3-D raytraing pakage CRT.2. MODEL FOR NUMERICAL COMPARISONIn the 1-D anisotropi simpli�ed twisted rystal model, with density{normalizedelasti moduli aijkl = aijkl(x3) and onstant density %, we takea33K3 = 0 : (1)The lower{ase subsripts take values i; j; k; ::: = 1; 2; 3, the upper{ase subsriptstake values I; J;K; ::: = 1; 2. For plane wave ui = ui(x3) propagating along the x3axis, omponents uK are fully separated from u3. We hoose elasti moduli aI3K3in the form of � a1313 a1323a2313 a2323� = v20B (2)with B = �1 + " os(2Kx3) " sin(2Kx3)" sin(2Kx3) 1� " os(2Kx3)� : (3)Stud. Geophys. Geod., 48 (2004) 677



P. Bulant et al.Refer to Klime�s (2004) for more details.We use the simpli�ed twisted rystal model designed by Vavry�uk (1999). Pa-rameter " in (3), desribing the degree of anisotropy, is" = � sin2(�)1 +  sin2(�) (4)in the Vavry�uk's (1999) notation. The seleted numerial values are sin2(�) = 0:15� 0:75 = 0:1125 : (5)The arithmeti average v20 of density{normalized elasti moduli a1313 and a2323 isv20 = a44[1 +  sin2(�)℄ (6)in the Vavry�uk's (1999) notation. The seleted numerial values arev20 = 6:0 km2s�2 � [1 + 0:15� 0:75℄ = 6:675 km2s�2 : (7)The square of the referene isotropi veloity used in the quasi{isotropi perturbationof travel times is v2R = 6:9 km2s�2 : (8)Parameter K desribing the rotation of the rystal axes about the x3 axis has thevalue K = 0:032 km�1 : (9)The soure{reeiver distane orresponds to the rystal axes rotated through angle' = � radians, x3 = �K � 98:17477 : (10)Note that Vavry�uk (1999) also used 16 , 26 and 36 of the above value.The entral resonant frequeny (Klime�s, 2004 , se. 3.4; Lakhtakia and Meredith,1999, se. 3) is F = ����v0K2� ���� � 0:0132Hz (11)and the oupling frequeny (Klime�s, 2004, se. 4.2) is����2" ����F � 0:260Hz : (12)The anisotropi{ray{theory travel times are�1 � 36:212310 s ; �2 � 40:079682 s : (13)Their arithmeti average, whih is the best isotropi travel time, is� � 38:145996 s : (14)678 Stud. Geophys. Geod., 48 (2004)



Comparison of Ray Methods in the \Simpli�ed Twisted Crystal" Model3. RELATIVE DIFFERENCES OF THE ONE{WAYPROPAGATOR MATRICESFor numerial omparison, we de�ne the relative (with respet to the initialonditions) di�erene between one{way propagator matries U and U0 as� =r12Tr�[U0 �U℄+[U0 �U℄� : (15)This de�nition is equivalent to equation (87) of Klime�s (2004), exept for the res-onant frequenies f 2 (Fp1� j"j; Fp1 + j"j), but numerially no visible di�erenebetween the de�nitions has been observed even at resonant frequenies.If only the �rst olumns u and u0 of propagator matriesU andU0 are availablefor omparison (pakage ANRAY), we de�ne the relative di�erene analogously as� =q[u0 � u℄+[u0 � u℄ : (16)4. NUMERICAL COMPARISON OF RAY METHODS WITH THE EXACTSOLUTION THROUGH THE ANALYTICAL SOLUTIONSThe numerial omparison onsists of two steps:(A) The omparison of the numerially evaluated analytial solutions with the orre-sponding results of omputer programs (�nite di�erenes, 3-D ray traing pakagesANRAY and CRT) in order to hek the equations and to debug both the 3-D odesand single{purpose programs for the analytial solutions. For the summary of thesetest alulations, refer to Setion 5.(B) The omparison of the exat solution with the analytial solutions of the equa-tions for the zero{order isotropi and anisotropi ray theories, for the oupling raytheory of Coates and Chapman (1990), and for the quasi{isotropi perturbation oftravel times inluded in the quasi{isotropi approximation of the oupling ray theoryaording to P�sen���k (1998a) and P�sen���k and Dellinger (2001). The results of thisomparison are demonstrated in this setion.4 . 1 . C o mp a r i s o n o f f o u r a n a l y t i  a l r a y { t h e o r y s o l u t i o n sw i t h t h e e x a  t s o l u t i o n i n t h e f r e q u e n  y d oma i nThe relative di�erenes of the analytial solutions of the equations for the zero{order isotropi and anisotropi ray theories, for the oupling ray theory of Coatesand Chapman (1990), and for the quasi{isotropi perturbation of travel times in-luded in the quasi{isotropi approximation of the oupling ray theory aordingto P�sen���k (1998a) and P�sen���k and Dellinger (2001) from the exat solution areplotted on a log{log sale in Figure 1. The time{harmoni solutions are ompared inthe frequeny interval h0:001Hz; 10Hzi, with frequeny step �f = 0:00025Hz in theStud. Geophys. Geod., 48 (2004) 679



P. Bulant et al.subinterval h0:001Hz; 0:1Hzi, step �f = 0:0025Hz in the subinterval h0:1Hz; 1Hziand step �f = 0:025Hz in the subinterval h1Hz; 10Hzi.Note that the isotropi ray theory is applied to the isotropi model with thebest propagation veloity as suggested by Klime�s (2004) and that the results of thequasi{isotropi perturbation of travel times depend on the referene veloity.The di�erenes from the exat solution orrespond to the theoretial disussionof Klime�s (2004). Neither the isotropi ray theory, nor the anisotropi ray theoryis appliable at the oupling frequeny. In the simpli�ed twisted rystal model, inwhih the di�erene between the S{wave eigenvalues of the Christo�el matrix is on-stant along a ray, the high{frequeny asymptoti error of the anisotropi ray theoryis inversely proportional to frequeny, as expeted. On the other hand, Thomsonet al. (1992) demonstrated analytially that the high{frequeny asymptoti errorof the anisotropi ray theory is inversely proportional to the seond or higher rootof frequeny if the ray passes through the point of equal S{wave eigenvalues ofthe Christo�el matrix. Their analytial estimate an also be obtained as a high{frequeny approximation to the solution of the oupling equation by Coates andChapman (1990, eq. 30; Bulant and Klime�s, 2002, eq. 4) in the viinity of the pointof equal S{wave eigenvalues of the Christo�el matrix.The oupling ray theory of Coates and Chapman (1990) yields exellent resultsin this model, exept for the resonant frequenies, whih are far outside the valid-ity regions of the ray theories. The high{frequeny asymptoti error of the ou-pling ray theory is inversely proportional to frequeny, but is onsiderably smallerthan the high{frequeny asymptoti error of the anisotropi ray theory, by fator��2"��q1+�Kx32 �2 � 36:8 (Klime�s, 2004 ).On the other hand, the oupling ray theory with the quasi{isotropi perturba-tion of travel times does not bridge the gap between the isotropi and anisotropiray theories; there are frequenies where both the quasi{isotropi perturbation oftravel times and the anisotropi ray theory display a relative error of 60%. Notethat the only e�et of the quasi{isotropi perturbation of travel times on the ou-pling ray theory is the alulation of the anisotropi{ray{theory travel times usedin the oupling equation. Without the quasi{isotropi perturbation of travel times,the anisotropi{ray{theory travel times are alulated by the numerial quadra-tures of the orresponding slownesses along the referene ray (Bulant and Klime�s,2002, eq. 2). With the quasi{isotropi perturbation of travel times, the anisotropi{ray{theory travel times are alulated from the referene travel time by the linearperturbation with respet to the density{normalized elasti moduli.The quasi{isotropi projetion of the Green tensor, the quasi{isotropi approxi-mation of the Christo�el matrix, and the ommon ray approximations do not a�etthe oupling{ray{theory solution in the simpli�ed twisted rystal model. The quasi{isotropi projetion of the Green tensor and the quasi{isotropi approximation of theChristo�el matrix are demonstrated by Bulant and Klime�s (2004) in the \obliquetwisted rystal model". The errors of the isotropi ommon ray approximation andanisotropi ommon ray approximation (Bakker, 2002 ) for both S{wave polariza-tions have been studied by Klime�s and Bulant (2004).680 Stud. Geophys. Geod., 48 (2004)



Comparison of Ray Methods in the \Simpli�ed Twisted Crystal" Model
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Frequency of harmonic waveFig. 1. The relative di�erenes of the oupling ray theory of Coates and Chapman (1990)[green ℄, the quasi{isotropi perturbation of travel times inluded in the quasi{isotropiapproximation of the oupling ray theory aording to P�sen���k (1998a) and P�sen���k andDellinger (2001) [yellow ℄, the zero{order anisotropi ray theory [blue ℄ and the zero{orderisotropi ray theory [red ℄ from the exat solution. The two vertial lines denote theentral resonant and oupling frequenies (11), (12). A relative error of 200% ours, e.g.,for opposite polarization, or opposite phase. The upper (up to 1Hz) quasi{isotropi urveorresponds to referene veloity (8) used in pakage ANRAY, the lower quasi{isotropiurve orresponds to referene veloity (7).Stud. Geophys. Geod., 48 (2004) 681
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Fig. 2. Syntheti seismograms for the initial displaement in the x1 diretion modulatedby the Gabor signal of prevailing frequeny 1:3Hz. The x1 displaement is on the left, thex2 displaement on the right. The exat solution is blak, the oupling ray theory of Coatesand Chapman (1990) is green and is obsured by the exat solution, the quasi{isotropiperturbation of travel times inluded in the quasi{isotropi approximation aording toP�sen���k (1998a) and P�sen���k and Dellinger (2001) with referene veloity (8) is yellow,the zero{order anisotropi ray theory is blue, the zero{order isotropi ray theory is redand is obsured by the blue on the right. The two horizontal lines denote the anisotropi{ray{theory travel times (13).
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Comparison of Ray Methods in the \Simpli�ed Twisted Crystal" Model
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Fig. 3. Syntheti seismograms for the initial displaement in the x1 diretion modulatedby the Gabor signal of prevailing frequeny equal to oupling frequeny 0:26Hz. The x1displaement is on the left, the x2 displaement on the right. The exat solution is blak,the oupling ray theory of Coates and Chapman (1990) is green and is partly obsuredby the blak exat solution, the quasi{isotropi perturbation of travel times inluded inthe quasi{isotropi approximation of the oupling ray theory aording to P�sen���k (1998a)and P�sen���k and Dellinger (2001) with referene veloity (8) is yellow, the zero{orderanisotropi ray theory is blue, the zero{order isotropi ray theory is red and is obsuredby the blue on the right. The two horizontal lines denote the anisotropi{ray{theory traveltimes (13).
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P. Bulant et al.4 . 2 . S y n t h e t i  s e i s m o g r am s f o r f i v e a n a l y t i  a l s o l u t i o n sThe syntheti seismograms orresponding to the exat solution and to the ana-lytial solutions of the equations of the oupling ray theory of Coates and Chapman(1990), for the quasi{isotropi perturbation of travel times inluded in the quasi{isotropi approximation of the oupling ray theory aording to P�sen���k (1998a)and for the zero{order isotropi and anisotropi ray theories are shown in Figures 2and 3. The referene veloity given by (8) is used.The initial displaement at x3 = 0 runs in the diretion of the x1 axis. Its timedependene has the form of the symmetri Gabor signalexp � �2�f0t4 �2! os (2�f0t) (17)with prevailing frequeny f0 = 1:3Hz (18)for Figure 2, �ltered by the osine band{pass �lter desribed by frequenies0:00Hz ; 0:13Hz ; 2:47Hz ; 2:60Hz : (19)The frequeny step for the fast Fourier transform is �f = 0:0125Hz. As the prevail-ing frequeny in Figure 2 is �ve times larger than the oupling frequeny, the twoS{wave arrivals are learly split, and the only visible di�erene between the exatsolution and the anisotropi ray theory is the slightly di�erent polarization. Theoupling ray theory is nearly exat.Analogous seismograms for the prevailing frequeny, equal to the oupling fre-queny f0 = 0:26Hz ; (20)are shown in Figure 3. The osine band{pass �lter is hanged to0:00Hz ; 0:026Hz ; 2:47Hz ; 2:60Hz : (21)The frequeny step for the fast Fourier transform is again �f = 0:0125Hz. The timeshift due to the quasi{isotropi perturbation of travel times (Klime�s, 2004, se. 4.3)an learly be seen in both Figures 2 and 3. Sine referene veloity vR is greaterthan veloity v0, the time shift inreases from anisotropi travel time �1 to �2. ForvR = v0, the quasi{isotropi seismogram would be shifted but not shrunk.684 Stud. Geophys. Geod., 48 (2004)



Comparison of Ray Methods in the \Simpli�ed Twisted Crystal" Model5. NUMERICAL COMPARISON OF ANALYTICAL SOLUTIONS WITHTHE CORRESPONDING RESULTS OF COMPUTER PROGRAMSThe exat analytial solution is numerially ompared with the results of �nitedi�erenes (Vavry�uk, 1999 ). The analytial solution of the equations of the ouplingray theory is ompared with the results of the 3-D ray traing pakages ANRAY(P�sen���k, 1998a,b) and CRT ( �Cerven�y et al., 1988 ). The analytial solution of theequations of the oupling ray theory with the quasi{isotropi perturbation of traveltimes is ompared with the results of the 3-D ray traing pakage ANRAY. Theanalytial solution of the equations of the isotropi ray theory is ompared with theresults of the 3-D ray traing pakage CRT.These omparisons are very important in heking the equations, in debuggingthe 3-D ray traing and oupling{ray{theory programs, in debugging the single{purpose programs for the analytial solutions, and in testing the numerial aurayof various omputer odes.We have used the frequeny interval h0:001Hz; 1Hzi, with frequeny step �f =0:00025Hz in the subinterval h0:001Hz; 0:1Hzi and step �f = 0:002 5Hz in thesubinterval h0:1Hz; 1Hzi, for the omparison with �nite di�erenes. We have usedthe frequeny interval h0:0Hz; 2:6Hzi with frequeny step �f = 0:0125Hz for theomparison with the results of the 3-D ray traing pakages ANRAY and CRT.5 . 1 . F i n i t e d i f f e r e n  e s , e x a  t s o l u t i o nThe time{harmoni �nite{di�erene solution of the elastodynami equation in thesimpli�ed twisted rystal model (Vavry�uk, 1999 ), alulated for the \unit" initialonditions in terms of displaement and stress, has been transformed to the initialonditions orresponding to the exat analytial solution for the one{way propa-gator matrix (Klime�s, 2004 ). The �nite{di�erene solution, alulated in doublepreision, was then ompared with the exat analytial solution, evaluated in singlepreision. The relative di�erene of the one{way propagator matries is proportionalto frequeny and orresponds to the relative root{mean{square travel{time error of0:000 000 4, whih may orrespond to the round{o� errors in evaluating the exatanalytial solution.5 . 2 . C RT p a  ka g e , i s o t r o p i  a n d  o u p l i n g r a y m e t h o d sThe numerially evaluated analytial solutions of the oupling{ray{theory equa-tions and of the isotropi{ray{theory equations have been ompared with the resultsof the CRT pakage. The relative di�erenes between the numerial results of theCRT pakage (Buha and Klime�s, 1999 ) and the orresponding analytial solutionsare at the level orresponding to the round{o� errors of the travel time, i.e. lessthan 0.1%. Note that the phase term 2�f� orresponding to travel time � omesup to the order of 103. Sine the absolute error of the phase term is reeted inStud. Geophys. Geod., 48 (2004) 685



P. Bulant et al.the relative error in the one{way propagator matrix, relative di�erenes of less than0:001 orrespond to relative travel{time errors of less than 0:000 001.5 . 3 . A NRAY p a  ka g e ,  o u p l i n g a n d q u a s i { i s o t r o p i r a y m e t h o d sThe ANRAY pakage is designed for the oupling ray theory with the isotropiommon ray approximation, the quasi{isotropi approximation of the Christo�el ma-trix, and the quasi{isotropi perturbation of travel times (P�sen���k, 1998a; P�sen���kand Dellinger, 2001 ). Of these quasi{isotropi approximations, only the quasi{isotropi perturbation of travel times a�ets the oupling{ray{theory solution in thesimpli�ed twisted rystal model. The ANRAY pakage (P�sen���k, 1998b) enablesthe quasi{isotropi perturbation of travel times to be swithed o� optionally. Thenumerially evaluated analytial solutions of the oupling ray theory with and with-out the quasi{isotropi perturbation of travel times have been ompared with theanalogous results of the ANRAY pakage.The oupling equation in the ANRAY pakage is solved numerially by the Eulermethod. The relative error of the one{way propagator matrix at frequeny f due tothe Euler method with integration step �� is�Euler � 12 j�2 � �1j2� 2�f �� ; (22)see travel times (13) and (14). The relative error of the one{way propagator matrixdue to the aumulation of the travel{time rounding errors is roughly�round � 12 ��� 2�f � Æ ; (23)where Æ is the relative rounding error, roughly Æ = 2�24 on a PC. The optimum stepalong the ray is then �� = �s 2�j�2 � �1j Æ : (24)The relative di�erenes between the numerial results of pakage ANRAY at fre-queny f = 2:6Hz and the orresponding analytial solutions are about 2% for theoupling ray theory with the quasi{isotropi perturbation of travel times, and about2.5% without the quasi{isotropi perturbation of travel times. These numerial er-rors are in good agreement with estimate (23) indiating 2.8% for the relative errorof the Euler method with Æ = 2�24 and step �� = 0:025 s along the ray, used tosolve the oupling equation in the ANRAY pakage numerially. The auray of0.1% of the CRT pakage (Setion 5.2) has been ahieved by numerial integrationof the oupling equation using the method proposed by �Cerven�y (2001) and Bulantand Klime�s (2002). Note that the numerial integration of the oupling equationby R�umpker and Silver (2002, eq. 6) based on the \forward propagator method" isa rough approximation to the more aurate method by �Cerven�y (2001) and Bulantand Klime�s (2002) based on the method of mean oeÆients.686 Stud. Geophys. Geod., 48 (2004)
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