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Can unbiased source be retrieved from anisotropic waveforms by
using an isotropic model of the medium?
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Abstract

Anisotropy is frequently present in geological structures, but usually neglected when source parameters are determined
through waveform inversion. Due to the coupling of propagation and source effects in the seismic waveforms, such neglect of
anisotropy will lead to an error in the retrieved source. The distortion of the mechanism of a double-couple point source located
in an anisotropic medium is investigated when inverting waveforms using isotropic Green’s functions. The anisotropic medium
is considered to be transversely isotropic with six levels of anisotropy ranging from a fairly weak to rather strong anisotropy, up
to about 24% in P waves and 11% in S waves. Inversions are based on either only direct P waves or both direct P and S waves.
Two different algorithms are employed: the direct parametrization (DIRPAR, a nonlinear algorithm) and the indirect
parametrization (INPAR, a hybrid scheme including linear and nonlinear steps) of the source. The orientation of the double-
couple mechanism appears to be robustly retrieved. The inclination of the resulting nodal planes is very small, within 10° and
20° from the original solution, even for the highest degree of anisotropy. However, the neglect of anisotropy results in the
presence of spurious isotropic and compensated linear-vector dipole (CLVD) components in the moment tensor (MT). This
questions the reliability of non-double-couple components reported for numerous earthquakes.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction medium can be accurately calculated and eliminated

from the records. If the response of the medium is

The source mechanism and time function of
earthquakes are often determined through a wave-
form inversion using a point source approximation.
The technique works well if the response of the
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not known sufficiently well, the decoupling of the
source and medium response is not straightforward.
The problem may be expressed in the following
symbolic formulation:

observed wavefield = source ® medium. (1)

If the accurate response of the medium were avail-
able, we could get an accurate estimate of the source.
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Inaccurate knowledge of the medium introduces an
inconsistency into the above problem and the equal-
ity in Eq. (1) is no more valid:

observed wavefield = source @ simplified

response of the medium. (2)

Replacing the approximation sign with the equality
sign in Eq. (2), a biased estimate of the source is
obtained:

observed wavefield = distorted source model
® simplified response of
the medium. (3)

The distortion of the source due to the simplification
of the medium will affect various source parameters:
the source-time function, orientation of the double-
couple component in the moment tensor, scalar seis-
mic moment and the nondouble-couple components.
These parameters are differently sensitive to the type
of model simplification and to the particular inversion
algorithm. For example, Sileny et al. (2001) studied
inaccuracies of the source parameters due to neglect-
ing of a free surface near the source and to source
mislocation. They showed that this neglect yields a
systematic deviation of the double-couple orientation
up to 15° and generates tens of percent of spurious
nondouble-couple components.

Another possible source of the distortion of the
source parameters might be neglecting of anisotropy
of the medium. Anisotropy is a pervasive property of
the earth’s crust and the mantle caused by sediment
layering, by alignments of fractures or by a preferred
orientation of minerals in the rock (Babuska and
Carra, 1991; Kocks et al., 1998). It can affect wave
velocities, polarization and waveforms, in particular,
for the S waves. For example, instead of one direct S
wave propagating in isotropic media, two direct S
waves propagate in anisotropic media, split in time
and therefore interfering in a complicated way. Since
parameters of anisotropy in the medium are not
known in most cases, the waveform inversion for
the source parameters must consider anisotropy in a
simplified way or must be performed under neglect-
ing anisotropy at all. The former case is studied by
Sileny and Vavrycuk (2000), who proposed a special

procedure, which approximately takes into account
the anisotropic splitting of S waves. The aim of this
paper is to study also the latter case demonstrating
how the mechanism may be distorted if just a
standard isotropic inversion scheme is used and
anisotropy is completely ignored.

2. Inversion methods
2.1. Direct parametrization of the source

The symbolic formulation (3) can be specified in
the following form:

up(xj, 1) = Giij(x;, 1) @ 1in(t) My (4)

where u(x;,f) is the displacement of the observed
wavefield at the observation point x, Mj; is the seismic
moment tensor, mi(¢) is the source-time function,
Grini(x;,t) is the space-derivative of the Green’s func-
tion and symbol ® means the time convolution. The
source characteristics of interest are the moment
tensor (MT) and the source-time function (STF).

Eq. (4) is used in a traditional approach to the
inversion of source parameters. This approach is
denoted in the following as the direct parametrization
(DIRPAR) of a point source. If the STF is described
by N parameters (e.g., weights of N overlapping
triangles accepted as a set of base functions as
proposed by Nabélek, 1984), the DIRPAR approach
represents a nonlinear inverse problem with N+6
parameters. The minimization problem can be solved
for the function yf of N+6 variables defined as

= 3 o) a0 ®

t

where o(?) is the standard deviation of the observed
data u,,s(?). The vectors of observed data wugys,
predicted data u,..q and o are understood as sampled
values of the continuous quantity concatenated for
all the stations and components at each station. It is
possible to reduce advantageously the number of the
model parameters by considering y{ as a function of
N variables describing the STF only, and determine
the remaining six parameters corresponding to the
MT from the condition of local minimization of y3
with STF fixed.
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2.2. Indirect parametrization of the source

The alternative approach to DIRPAR is indirect
parametrization of a point source (INPAR), where
the search for the MT and STF is carried out as
follows (Sileny et al., 1992; Sileny, 1997): (i) seis-
mograms are inverted into independent moment
tensor rate functions (MTRFs) Mij(t) according to
Sipkin (1982):

u (x5, 1) = Gy, 1) @ My (1), (6)

and (ii) independent MTRFs are split into MT and
STF (Sileny, 1998)

M) = My (1), (7)

through the minimization of the following function

A= Z% (W15 (6) — My (1) (®)

t

Quantity o,(f) is the standard deviation of the
MTRFs yielded immediately by solving Eq. (6).
The sampling of the MTRFs and STF need not
necessarily be the same as the sampling of the
records in Eq. (5). The time functions are para-
metrized by using a set of N base functions (Nab¢-
lek, 1984):

N
f(@) =Y ATl — (k= 1)Ad). ©)
k=1

Then, summation over ¢ in Eq (8) is replaced by
summation over k from 1 to N according to Eq. (9).
Similar to DIRPAR, it is possible to reduce the
number of model parameters in the step (i) of
INPAR by minimizing for the N parameters of STF
only and determine the MT by local minimization of
¥ with STF fixed.

2.3. Direct versus indirect parametrizations

In order for Eq. (6) to remain linear, the MTRFs
are considered to be independent functions in step (i)
of the INPAR algorithm. Thus, according to Eq. (9),
the linear equation (6) represents an inverse problem
with 6N parameters. This is an ‘overparametrization’
of the task because at the very end, we ask for N+ 6
parameters only describing a constant MT and a

common STF. The independent MTRFs represent a
source with a time variable mechanism. The source
with a constant mechanism is sought by searching for
correlated parts of the MTRFs in step (ii). The over-
parametrization in (i) is inconvenient from the view-
point of increasing the condition number of the matrix
of the system (6) but the splitting of the inversion for
the MT and STF brings a great advantage in saving
calculation time. The first step (i) is linear and
iterations are required only in the second, nonlinear
step (ii), where ‘observed” MTRFs yielded in (i) are
matched by synthetic MTRFs, M;m(t). Contrary to
that, the DIRPAR algorithm is nonlinear from the
very beginning and iterations are needed to match
observed records with synthetic waveforms. Depend-
ing on the number of stations and components to be
inverted, this procedure may be lengthy. However,
there are only six MTRFs, the length of which is
usually shorter than the length of the input records.
Thus, the nonlinear part of INPAR is much less
demanding than the nonlinear DIRPAR. This allows
for much more iterations per time unit, finally leading
to a more reliable solution.

2.4. Synchronous and asynchronous alignments of
waveforms

P- and S-wave arrival times of synthetic seismo-
grams always differ from those of observed records
due to hypocentral mislocation and/or inaccurate
modelling of the medium affecting wave kinematics.
Therefore, a proper alignment is required by matching
the observed and synthetic seismograms. This may be
done manually by visual inspection or automatically
by searching for the time shift that correlates best the
data and synthetics. If the alignment is performed for
all components of a three-component station simulta-
neously, then the alignment is synchronous. If the
alignment is performed for all individual components
separately, then it is asynchronous. The asynchronous
alignment is particularly advantageous in the case of
anisotropic data. One of the most prominent effects of
anisotropy is the S-wave splitting: instead of a single
S wave with polarization controlled by the source, two
S waves are apparent, with different propagation
velocities and different polarizations controlled by
the orientation of anisotropy of the medium. Each S
wave can be dominant in various cases (Fig. 1) and
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Fig. 1. Schematic representation of the fit between the split S waves
in an anisotropic medium and isotropic Green’s function. S; and S,
are the directions of polarization of the fast and slow S wave,
respectively, and x and y are the coordinate axes in the plane of the
S-wave motion. The thick lines in the seismogram windows
represent the observed anisotropic waveforms, whereas the thin
lines denote synthetic seismograms calculated for an isotropic
medium.

therefore it is necessary to align each component,
independently, with a single S wave calculated using
the isotropic Green’s function.

3. Synthetic data

Synthetic seismograms are calculated at 10 three-
component station network. The network is designed
to simulate a random but good coverage of the focal
sphere (Fig. 2). Hypocentral distances were chosen
from 14 to 47 times larger than the characteristic
wavelengths of modelled waves, hence the near-field
effects can be neglected, but they span both the
distances for which the S-wave splitting is small and
large, respectively.

The medium was considered homogeneous, trans-
versely isotropic, simulating a system of parallel dry
cracks (Hudson, 1981). We designed 6 levels of
anisotropy corresponding to an increasing density of
cracks: 1%, 2%, 4%, 6%, 8% and 10%. The back-
ground P- and S-wave velocities are 6.0 and 3.5 km/s,
respectively, and density of the medium is 3300 kg/n?.
The studied medium models include both fairly weak
anisotropy (2.4% in the P wave and 1.1% in the S
wave) as well as strong anisotropy (24% in P wave
and 11% in S wave; see Fig. 3). The latter case
assumes higher values than those observed in earth,
but it is considered as an extreme situation for testing

the maximum possible bias in the retrieved source due
to a neglect of anisotropy.

The synthetic seismograms were generated for a
double-couple (DC) source, which is the most impor-
tant type of source for seismological applications.
This source corresponds to a pure shear under iso-
tropy. Under anisotropy, however, the shear source
can also generate non-DC components. For simplicity,
however, these effects are not considered here, and the
study will continue to refer to DC source only.

Station configuration

1 2 3 4 5 6 7 8 9 10
station #

Fig. 2. The distribution of stations used in the synthetic experi-
ments: (top) lower hemisphere equal area projection (A —stations
projected to lower hemisphere, W—stations projected to upper
hemisphere with the projection converted to the lower hemisphere;
(bottom) distribution of hypocentral distances of stations #1 —#10 in
units of the characteristic wavelength.
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Fig. 3. P-, S1- and S2-wave phase velocities as a function of the angle between the direction of propagation and the symmetry axis for medium
models under study. Models 1—-6 correspond to values of the crack density of 1%, 2%, 4%, 6%, 8% and 10%. See text for the other medium

parameters.

The anisotropic Green’s functions were calculated
by using the following formula (Cerveny, 2001; Vav-
rycuk, 2001, Eq. 3):

1 1

w2 VK,

where v is the wave group velocity, K, is the Gaussian
curvature of the slowness surface, g is the polarization
vector, 7 is the travel time and J(¢) is the Dirac delta
function. Since this formula represents the Green’s
function for each particular type of wave, the complete
Green’s function is obtained by summing this formula
over P, S1 and S2 waves. The obtained Green’s
function is valid for all directions in the far field except
for caustics (K, = 0) and the kiss singularity (Vavrycuk,
1999), which coincides with the symmetry axis in
transverse isotropy. To fulfil this condition, we study
media with no caustics, and an array configuration with
no station located near the symmetry axis direction.

Gu(x;,t)

B —(y).  (10)

4. Synthetic experiments

The error in the source parameters retrieved from
anisotropic waveforms by using isotropic medium
model depends on the station array configuration.
We can identify distinct directions within each aniso-
tropy for which the propagation of seismic waves is
significantly different from the isotropic case. If the

radiation maxima from the source are related to these
prominent directions, the mismodelling due to the
neglect of anisotropy is more pronounced. As an
example, the double S pulse generated by the aniso-
tropic splitting should be fit by the single S pulse
modelled using the isotropic Green’s function. If one
of these two S waves clearly dominates in a compo-
nent to be inverted, the fit with isotropic synthetics is
straightforward and the retrieved source is only little
distorted. If both split S waves appear with compara-
ble amplitudes, the fit is not unique and the retrieved
source will be more biased. The result depends on the
orientation of anisotropy with respect to the propaga-
tion direction and source mechanism. In order to
assess the dependence of our tests on the source
mechanism, a series of about 400 inversion experi-
ments were performed, randomly varying the source
orientation, and the error histograms were constructed.

Apart from the distorted orientation of the retrieved
DC source, the neglect of anisotropy results in an
appearance of spurious source components (éileny
and Vavrycuk, 2000), such as the isotropic component
(ISO) and the compensated linear-vector dipole
(CLVD). To assess these effects, histograms of the
average inclination of principal axes, and the percent-
age of the spurious ISO and CLVD components are
calculated. In addition, the quality of the reconstruc-
tion of the STF is evaluated by the histogram of the
correlation coefficient between the retrieved and the-
oretical STF (10-point smooth pulse). Finally, the
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reconstruction of the scalar moment M, is presented in
terms of the histogram of the ratio of retrieved to true
value of M,.

The quality of the source parameter inversions was
evaluated for the DIRPAR algorithm with synchro-
nous and asynchronous alignments of synthetics to the
data, and the INPAR algorithm with an asynchronous
alignment. From the histograms representing approx-
imate statistical distributions of source parameters, the
error in each parameter can be estimated as the width
corresponding to half of the histogram peak value.

4.1. Inclination of the retrieved DC

The inversion of records with both P and S waves
yields the DC inclined from the theoretical value as
presented in Fig. 4. The values of the inclination are
significantly larger when the synchronous alignment
was applied. The distribution of the inclination values
is rather broad even at the anisotropy level 4 (corre-
sponding to the 6% density of dry cracks) with the
peak value at about 15°. When the asynchronous
alignment is applied to both DIRPAR and INPAR
methods, the distribution is much narrower with the
peak value below 10°. The error in the orientation of
the retrieved DC from anisotropic records using both
P and S waves is below 20°.

Limiting the data set to P waves only, a smaller
error is expected in the retrieved source, as we avoid
employing split S waves. As such, the inclination of
the reconstructed DC is much smaller (Fig. 5). A
pronounced difference in the performance of the
algorithms applied is encountered under strong aniso-
tropy, when the synchronous alignment gives a broad
distribution of the inclination angles with the peak at
15°, whereas the values obtained with an asynchro-
nous alignment are very narrowly distributed around
5°. Thus, the results are strongly affected by the type
of alignment. As shown schematically in Fig. 1, the
necessity of asynchronous alignment arises due to the
S-wave splitting into two pulses mutually shifted in

time. The anisotropic P wave is generally deviated
from the direction of the ray path but the P wave is not
split, and thus it should be synchronous in all compo-
nents. Despite this fact, the asynchronous alignment
allows for a significantly better retrieval of the source
orientation than the synchronous alignment.

4.2. Spurious isotropic component

In all levels of anisotropy, the ISO component
fluctuates around zero if asynchronous alignment is
applied (Fig. 6). The distribution is wider for the
synchronous alignment but its peak remains at zero.
Note that from the half-width of the histogram, it
results that the asynchronous alignment keeps the
spurious ISO component below about 2% regardless
of the inversion algorithm applied.

4.3. Spurious CLVD component

The spurious CLVD component is more pro-
nounced in the inversions than the ISO component
regardless of the type of algorithm applied (Fig . 7).
Both inversion algorithms give very similar distribu-
tions provided that the asynchronous alignment is
applied. A statistically significant nonzero component
appears even at the lowest anisotropy level and can
reach as much as about 30% (estimated from the half-
width of the distribution). Bad results are obtained
using the synchronous alignment, which gives several
tens of percent of spurious CLVD at high anisotropy
levels.

4.4. Reconstruction of the STF

The success in the retrieval of the STF is described
by the value of the correlation coefficient between the
reconstructed and theoretical STF. The fitting of these
functions allows for a time shift to be employed in
order to obtain the best correlation. The INPAR
algorithm works significantly better than DIRPAR

Fig. 4. Errors in the orientation of the reconstructed DC. Histograms show statistics of the inclination of the retrieved DC from the theoretical
solution. Orientation of the theoretical DC is chosen randomly (400 trials). For each DC, anisotropic ‘observed’ waveforms are generated and
inverted with the isotropic Green’s functions. The records consist of both P and S waves. The angle of inclination is the sum of differences of the
orientation of principal axes. The histograms are constructed for six degrees of anisotropy starting from fairly weak to strong. Three methods of
inversion are applied: DIRPAR with a synchronous alignment (left column), DIRPAR with an asynchronous alignment (middle) and INPAR

with an asynchronous alignment (right column).
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Fig. 5. Errors in the orientation of the reconstructed DC based on the inversion of P waves only. For details see the caption of Fig. 4.
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Fig. 6. Spurious isotropic component (ISO) from the inversion of both P and S waves. The percentage of the isotropic part is determined as the
ratio of the squared moments of the isotropic component to the total seismic moment, ISO[%] =100 x M(isotropic)/Mg(total), based on the
relation Mg(total) = MZ(isotropic) + MZ(deviatoric) by Silver and Jordan (1982). For other details see the caption of Fig. 4.
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Fig. 7. Spurious compensated linear-vector dipole (CLVD) from the inversion of both P and S waves. The percentage of the CLVD is
determined as CLVD[%] =200 X min | 4;|/max | 4;|, where 4; (i=1,2,3) are the eigenvalues of the deviatoric part of the retrieved full moment
tensor (Dziewonski et al., 1981). For other details, see the caption of Fig. 4.
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Fig. 8. Correlation between the retrieved and theoretical source-time functions (STF) from the inversion of both P and S waves. The theoretical
STF was a simple smooth peak sampled by 10 points. For details, see the caption of Fig. 4.
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Fig. 9. Ratio of the retrieved to the theoretical scalar moment using an inversion of both P and S waves. For details, see the caption of Fig. 4.
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(Fig. 8). This is because the INPAR is able to perform
much more iterations in the same CPU time than
DIRPAR and thus can better reach the minimum of
the misfit function. In fact, DIRPAR never reaches a
correlation coefficient greater than 0.6, which repre-
sents a very poor fit between the retrieved and
theoretical STF. The scattering of the results obtained
suggests that this algorithm would evidently need
much more iterations than currently allowed (about
500), which was not feasible in this study.

4.5. Reconstruction of the scalar moment

The scalar moment, M,, is estimated as the integral
of the STF over its length. Thanks to the integration,
which is basically a ‘smoothing’ operation, the recon-
struction of the scalar moment is much more success-
ful than the determination of the STF (Fig. 9). No
difference between the M, retrieved by DIRPAR and
INPAR algorithms is observed when using an asyn-
chronous alignment. The histograms of the ratios of
the retrieved to theoretical value exhibit a maximum
at value 1, which represents a perfect reconstruction of
the scalar moment. These distributions are fairly
narrow even at high anisotropy levels, indicating that
the error in M is not larger than about 10%. Contrary
to the success with the asynchronous alignment, the
synchronous alignment leads to a severe underestima-
tion of the scalar moment with the error amounting to
several tens of percent.

5. Conclusion

It has been valuated that a neglect of anisotropy
of the medium can have considerable effect on the
retrieval of the source parameters through waveform
inversion. If the source is a pure DC, spurious non-
DC components appear. The magnitude of the non-
DC components increases with the degree of aniso-
tropy. Simultaneously, the orientation of the
retrieved DC degrades. The source parameters are
more biased if determined from both P and S waves
than from P waves alone (Table 1). This is caused
by peculiarities of S-wave propagation in anisotropic
media, especially by the S-wave splitting. Note that
the algorithm employed in the waveform inversion
can control and reduce the errors. Two methods

Table 1
A summary of error estimates due to the neglect of anisotropy

Retrieved source Error
characteristics

Technique

P waves P and S waves
DC orientation <10° <20° DIRPAR, INPAR
Spurious ISO <2% <2% DIRPAR, INPAR

Spurious CLVD  <20% <30% DIRPAR, INPAR

Source-time correlation  correlation INPAR
function about 0.8  above 0.8
Scalar moment  20% 20% DIRPAR, INPAR

ratio

Inversion of P waves, and combined P and S waves, using DIRPAR
and INPAR techniques with asynchronous alignment of synthetic
seismograms to the data. See the captions of Figs. 6 and 7 for the
definition of the percentage of ISO and CLVD components,
respectively.

were tested: an algorithm with the traditional direct
parametrization of the source (DIRPAR) and an
algorithm with the indirect parametrization (INPAR).
Their performance in the reconstruction of the
orientation of the DC component is essentially the
same as they introduce very similar percentages of
spurious ISO and CLVD components. The robust-
ness of INPAR is manifested in the success of
retrieving the source-time function, whereas DIR-
PAR fails completely. This is due to the high
computational efficiency of INPAR, which advanta-
geously combines linear and nonlinear techniques,
different to DIRPAR, which incorporates only a
nonlinear inverse scheme. Both algorithms act with
similar success in the reconstruction of the scalar
moment M, of the source.

A crucial role in the inversion plays the fitting of
the synthetic seismograms to the observed three-
component records. The traditional way of aligning
all three components simultaneously (synchronous
alignment) leads to substantially larger errors than
the alignment of each component independently of
the others (asynchronous alignment). This is due to
the S-wave splitting that is present in the anisotropic
waveforms. The single isotropic S wave should be
matched to the dominant pulse of the split S waves by
the asynchronous alignment because it takes into
account different S wave arrivals of the splitting at
individual components. Thus, the split S waves are
joined together in the vector sum and reconstruct the
total S wave in the medium, from which the aniso-
tropy is removed (Karnassopoulou et al., 1996).
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Surprisingly, the asynchronous alignment is preferred
also in the inversion of P waves.

The present study provides additional evidence to
the unreliability of non-DC components retrieved in
the mechanisms of some earthquakes. Several authors
have already pointed out that the non-DC components
may be doubtful due to the inaccurate modelling of the
medium and imperfect location of the source (Kuge
and Lay, 1994) due to the mismodelling of the inho-
mogeneous medium (Kravanja et al., 1999), oversim-
plification of the seismic source (Frohlich, 1994) and
neglect of the reflected phases at an interface next to
the hypocentre (Sileny et al., 2001). Based on this
analysis, the non-DC components may be also the
consequence of neglecting the effects of anisotropy.
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