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S U M M A R Y 

As an alternative to the moment tensor (MT) model for earthquake sources, the shear-tensile- 
compressi ve (STC) model of fers a kinematic description of the source mechanism and leads 
to a more robust inversion problem. However, the premise of the source inversion based on 

STC is to ensure the accuracy of parameter κ defined as the ratio of the Lam é constants, 
κ= λ/μ, in a fault zone. In this study, we carry out a series of synthetic experiments using 

P -wave amplitudes in source mechanism inversions based on both the STC and MT models, 
and consider the influence of noise, the uncertainties in source locations and in the velocity 

model. We show that the nonlinear STC inversion with an appropriate value of κ leads to 

more accurate result compared to the linear MT inversion. We also propose a new joint-STC 

inversion method to jointly invert for parameter κ and the remaining parameters of the STC 

model (magnitude and the strik e, dip, rak e and slope angles). The results indicate that our 
proposed method yields robust results for both the parameter κ and focal mechanisms. We 
apply our joint-STC inversion method to field microearthquake data observed in the West 
Bohemia region to validate some of the conclusions drawn from the synthetic experiments. 

Key words: Seismicity and tectonics; Earthquake source observations; Theoretical seismol- 
ogy. 
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 I N T RO D U C T I O N  

o gain information about seismic sources such as the orientations
f acti v ated fractures, modes of fracturing and the stress state in the
ocal zones, moment tensor (MT) is currently the most commonly
dopted model (Dahlen & Tromp 1998 ; Aki & Richards 2002 ; Eyre
 van der Baan 2017 ; Vavry ̌cuk & Hrubcov á 2017 ). Elements of the
T are linearly related to the observed seismic motions (e.g. Aki &
ichards 2002 ). The MT model is often decomposed into double-
ouple (DC) and non-DC components (Knopoff & Randall 1970 ;
ahlen & Tromp 1998 ; Vavry ̌cuk 2001 , 2011 ; Tape & Tape 2013 ) in

olving for the focal mechanism solutions (Jost & Herrmann 1989 ;
hu & Ben-Zion 2013 ). The MT contains six independent param-
ters and it is not straightforward to interpret them in terms of the
arthquake source processes (Jechumt álov á et al. 2017 ). In addition,
he inversion results are less reliable when the data are sparse or of
ow quality and are affected by uncertainties in earthquake locations
nd velocity models ( ̌S ́ılen ý et al. 1992 ; Š ́ılen ý 2009 ; Stierle et al.
014b ; Ren et al. 2020 ). 

The shear-tensile-compressive (STC) model, also referred to as
he shear-tensile/implosion model (Pesicek et al. 2012 ) or general
C © The Author(s) 2023. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License (
permits unrestricted reuse, distribution, and reproduction in any medium, provided
islocation model (Li et al. 2021a ) or other names (Vavry ̌cuk 2001 ,
011 ; Š ́ılen ý & Hor álek 2016 ), is an alternative model to describe
arthquake sources. Besides the STC model, there are also other
ource models (e.g. Tape & Tape 2013 ). The STC model describes
 shear slip which is accompanied by opening/closing along a fault
lane. It w as originall y proposed b y Koz ák & Š ́ılen ý ( 1985 ) with
 focus on a tensile crack originating at the tip of a shear slip
ault. It was also introduced by Dufumier and Rivera ( 1997 ) and
ater revisited by Vavry ̌cuk ( 2001 , 2011) . The STC model is gen-
rall y described b y six parameters: two parameters (strike and dip
ngles) define the orientation of the fault plane, and two other pa-
ameters (rake and slope angles) define the slip direction. The fifth
arameter is a product of the slip amplitude and the fault area or
qui v alentl y the e v ent scalar moment. The sixth parameter involv ed
n the STC model is κ , which is related to the properties of the
edium. The strike, dip and rake angles define geometry of shear

ources, whereas a non-zero slope angle (the angle between the slip
ector and the fault plane) defines a non-shear source. The source
s tensile (i.e. opening crack) for positive values of the slope, and
ompressive (i.e. closing crack) for negative values of the slope. The
TC inversion has now been applied to obtain focal mechanisms
oyal Astronomical Society. This is an Open Access 
 https://creati vecommons.org/licenses/b y/4.0/ ), which 
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Figure 1. Geometry of the STC model is defined by four angles including 
strike ϕ, dip δ, rake γ and slope α. Vector ˆ n is the unit normal vector to the 
fault plane and vector ˆ v is the unit slip vector. ˆ p is the P -axis and ̂  t is the 
T -axis. Note that the STC model reduces to a pure double couple when the 
slope angle α = 0 ◦. 
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and analyse the DC and non-DC components in volcanoes, mi- 
croear thquake swar ms, hydraulic fractures and laborator y rock ex- 
periments (Pesicek et al. 2012 ; Jechumt álov á et al. 2014 ; Š ́ılen ý 
et al. 2014 ; Š ́ılen ý & Hor álek 2016 ; Petru ž álek et al. 2018 ; Ren
et al. 2021 ; Li et al. 2021a ). 

The parameter κ can be defined in terms of the ratio between the 
Lam é parameters λ and μ, or between the P - and S -wave velocities 
V P and V S , or the Poisson ratio ν: 

κ = 

λ

μ
= 

( V P /V S ) 
2 − 2 = 

2 ν

1 − 2 ν
. (1) 

The lowest physically acceptable value for κ is − 2/3 (Vavry ̌cuk 
2001 ). If desired, the parameter κ can be replaced by the Poisson 
ratio ν. Ho wever , for the sake of consistency with previous studies 
on the STC model (e.g. Vavry ̌cuk 2001 , 2011 ), we stick with κ in 
this study. Using seismic MTs and assuming the STC source model, 
Vavry ̌cuk ( 2001 ) provided an independent estimation of κ based on 
the e v aluation of the ratio between the fractions (i.e. percentages) of 
the isotropic (ISO) and compensated linear vector dipole (CLVD) 
components f ISO and f CLVD (defined in Section 2.3 ): 

κ = 

4 

3 

(
f ISO 

f CLVD 
− 1 

2 

)
. (2) 

Since κ in eq. ( 2 ) is calculated from parameters of faulting, it 
can be considered as a parameter describing the behaviour of the 
locally fractured medium near the fault (Vavry ̌cuk 2001 ). Ho wever , 
the issue of whether κ is a near-fault parameter or not is still un- 
der broad theoretical discussions (e.g. Vavry ̌cuk 2011 ; Tape & Tape 
2013 ). The differences between values of κ determined from eqs ( 1 ) 
and ( 2 ) are caused by many factors, such as anomalous mechanical 
properties in the focal zone and errors in the source and velocity 
models. Vavry ̌cuk ( 2011 ) later compared three methods for deter- 
mining κ based on the ISO and CLVD components obtained from 

MT inversions. 
Stierle et al. ( 2014b ) and Š ́ılen ý et al. ( 2014 ) neglected the 

anomalous behaviour of κ in the focal zone and conducted nu- 
merical experiments with STC inversions by setting the velocity 
ratio in eq. ( 1 ) with V P /V S = 

√ 

3 , which is the most commonly 
used value in crustal velocity models. The corresponding value for 
the f ISO / f CLVD ratio is 1.25 according to eq. ( 2 ). Ho wever , when 
analysing source mechanisms of aftershocks (Stierle et al. 2014a ), 
ear thquake swar ms (Vavr y ̌cuk et al. 2021 ), hydraulic fractures (Yu 
et al. 2018 ; Zhang et al. 2019 ) and laboratory rock failures (Davi 
et al. 2013 ; Stierle et al. 2016 ), it was found that the f ISO / f CLVD 
v alues obtained b y the MT inversions are systematically lower than 
1.25. This makes κ estimated from eq. ( 2 ) less than 1, and some 
of them even negative. Such low κ v alues probabl y point to highly 
fractured rocks in the focal area (Vavry ̌cuk et al. 2021 ). 

This raises the following problems: how sensitive is the STC 

inversion to the value of κ? Is the STC inversion reasonably accurate 
even if a biased value of κ is used? Do we need to apply a more 
sophisticated inversion when the parameters of the STC model are 
inverted jointly with parameter κ? 

In order to resolve these problems, we carry out a series of syn- 
thetic experiments of the STC and MT inversions, in which the 
influence of noise on amplitudes and the uncertainties in source 
locations and in the velocity model are considered. The errors of 
source components and P / T axes are used to demonstrate the ef- 
fectiveness of different inversion methods. The following issues are 
tested and discussed: (1) the ef fecti veness of the STC inversion is 
tested when an unreasonable κ is used; (2) three different meth- 
ods including a nonlinear joint-STC inversion approach proposed 
here are tested in solving for κ and (3) the ef fecti veness of the MT 

and STC-joint inversions are compared and anal ysed. Finall y, we 
use the microearthquake data recorded in the West Bohemia swarm 

area in the Czech Republic to verify some of the conclusions de- 
rived from the synthetic experiments. Our results shed a new light 
on the interpretation of earthquake source components and focal 
mechanisms. 

2  M E T H O D S  

2.1 Linear MT inversion 

The MT inversion is based on the linear relation between the seismic 
displacement amplitudes and the MTs of point sources: 

u = Gm , (3) 

where m is the column vector composed of the six components of 
the MT: 

m = [ m 11 m 22 m 33 m 12 m 13 m 23 ] 
T . (4) 

u is an N -component vector representing the P -wave first-motion 
amplitudes of vertical displacement records, with N the total number 
of amplitude measurements for a given event. G is the N × 6 matrix 
containing the spatial gradient components of the Green’s functions. 

Adopting the least-squares method, the solution to the inverse 
problem in eq. ( 3 ) is 

m = ( G 

T · G ) 
−1 · G 

T · u . (5) 

2.2 ST C inv ersion 

As shown in Fig. 1 , geometry of the STC model is described by 
four angles: strike ϕ, dip δ, rake γ and slope α (Vavry ̌cuk 2001 , 
2011 ). The strike and dip angles define the orientation of the fault 
plane, whereas the rake and slope angles define the slip direction 
ˆ v . The slope angle α measures the deviation of the slip vector ν
from the fault plane, which is positive for a shear-tensile event and 
ne gativ e for a shear-compressiv e ev ent. In the coordinate system 

( ̂  x 1 , ̂  x 2 , ̂  x 3 ), with ˆ x 1 , ˆ x 2 and ˆ x 3 defined as north, east and down, the 
normal vector ˆ n and the slip direction ˆ v are gi ven b y the angles ϕ, 
δ, γ and α as follows (Vavry ̌cuk 2011 ): 

art/ggad425_f1.eps
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Figure 2. (a) Map of the West Bohemia region. The 4500 epicentres of the 2011 swarm including those of the 200 microearthquakes used in Section 4 are 
marked by red dots. The WEBNET stations are shown by blue triangles. The black line marks the border between Germany and the Czech Republic. (b) 
Velocity model for the West Bohemia region used in this study. The P - and S -wave velocities are shown by the blue and red solid lines, respecti vel y. The blue 
and red dotted lines represent the P - and S -wave velocities, respecti vel y, which are used in the inversion of Scenario II. 

Figure 3. Variations of the errors with the slope angle and κ values used in the STC inversions under Scenario I for the true value of κ0 = 0 . 4 . We use 200 
synthetic microearthquakes in each inv ersion. P anels (a), (b), (c) and (d) are for E DC , E CLVD , E ISO and E PT , respecti vel y. Note that the colour scales in (a)–(d) 
are different. 
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Figure 4. Variations of κ obtained by using three different methods with 
the slope angle under Scenario I. Blue and black lines are for Methods 1 
and 2, respecti vel y . The magenta line is for Method 3 proposed in this study . 
Vertical bars show the corresponding standard deviations. The red dotted 
line shows the true value κ0 = 0 .4. 

Figure 5. Comparison of the means and standard deviations for κ obtained 
b y dif ferent inversion methods for a relati vel y large true v alue κ0 = 2 (dot- 
ted red line) under Scenario I. Each inversion involves 100 synthetic mi- 
croearthquakes with randomly chosen slope angles in the range of 0 ◦–30 ◦. 
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ˆ n 1 = − sin δ sin ϕ, 

ˆ n 2 = sin δ cos ϕ, 

ˆ n 3 = − cos δ, (6) 

ˆ v 1 = 

( cos γ cos ϕ + cos δ sin γ sin ϕ 

) cos α − sin δ sin ϕ sin α, 

ˆ v 2 = 

( cos γ sin ϕ − cos δ sin γ cos ϕ 

) cos α + sin δ cos ϕ sin α, 

ˆ v 3 = − sin γ sin δ cos α − cos δ sin α. (7) 

The MT for a point source in an ISO medium is expressed as 
(Vavry ̌cuk 2011 ): 

m i j = uS 
[
λ ˆ n k ̂  v k δi j + μ

(
ˆ n i ̂  v j + ˆ n j ̂  v i 

)]
= μuS 

(
κ sin αδi j + ˆ n i ̂  v j + ˆ n j ̂  v i 

)
, (8) 

where u is the length of the slip vector, S is the fault area, and we 
have used the relation ˆ n k ̂  v k = sin α, and δi j is the Kronecker delta. 

Inserting eqs ( 6 ) and ( 7 ) into eq. ( 8 ), we obtain the six components
of the MT, with the three diagonal elements related to the parameter 

κ: 
m 11 = μuS 
[(

κ + 2 sin 2 δsin 2 ϕ 
)

sin α − (
sin δ cos γ sin 2 ϕ + sin 2 δ sin γ sin 2 ϕ 

)
cos α

]
, (9) 

m 22 = μuS 
[(

κ + 2 sin 2 δcos 2 ϕ 
)

sin α + 

(
sin δ cos γ sin 2 ϕ − sin 2 δ sin γ cos 2 ϕ 

)
cos α

]
, 

(10) 

m 33 = uμS 
[(

κ + 2 cos 2 δ
)

sin α + sin 2 δ sin γ cos α
]
, (11) 

m 12 = μuS 
[−2 sin 2 δ sin 2 ϕ sin α

+ 

( sin δ cos γ cos 2 ϕ + 0 . 5 sin 2 δ sin γ sin 2 ϕ 

) cos α] , (12) 

m 13 = μuS [ sin 2 δ sin ϕ sin α − ( cos δ cos γ cos ϕ + cos 2 δ sin γ sin ϕ ) cos α] , (13) 

m 23 = μuS [ − sin 2 δ cos ϕ sin α − ( cos δ cos γ sin ϕ − cos 2 δ sin γ cos ϕ ) cos α] . (14) 

The vectors ˆ n and ˆ v can be expressed as (Vavry ̌cuk 2011 ): 

ˆ n = 

√ 

M 1 − M 2 

M 1 − M 3 
ˆ e 1 + 

√ 

M 3 − M 2 

M 3 − M 1 
ˆ e 3 , (15) 

ˆ v = 

√ 

M 1 − M 2 

M 1 − M 3 
ˆ e 1 −

√ 

M 3 − M 2 

M 3 − M 1 
ˆ e 3 , (16) 

where M 1 ≥ M 2 ≥ M 3 are the eigenvalues of the MT, and ̂  e 1 , ̂  e 2 and ̂  e 3 
are the corresponding normalized eigenvectors, which also define 
the T- , B - and P- axes, respecti vel y. Physicall y, the P - and T -axes
specify directions of the maximum compressional and tensional 
axes at the source, respecti vel y, which are often used to characterize 
the orientation of a DC source mechanism. 

The STC inversion is a nonlinear problem and can be solved 
by a number of well-established optimization methods in which 
the misfit between the model-predicted and observed amplitudes 
is minimized. The predicted amplitudes can be calculated by the 
Green’s functions (e.g. Aki & Richards 2002 ) and the MTs of 
source models. Both the model-predicted and observed amplitudes 
in the STC inversions are normalized, which means that the product 
uS related to the scalar moment of the event is not inverted for in 
the nonlinear inversion process. Combining eqs (9 )–( 14 ), and e qs 
(3 ) and ( 4 ) can relate the amplitude u with the source parameters 
(four angles and κ) to be inverted. Here, we adopt the interior-point 
algorithm, which uses the conjugate gradient method to iterati vel y 
find the minimum within prescribed limits (Byrd et al. 2000 ). A grid 
search is an alternative but is also unnecessarily time consuming. 
The interior-point algorithm is more efficient and yields reliable 
results. In this study, the parameter limits are set as follows: 0 ≤ ϕ

≤ 360 ◦, 0 ≤ δ ≤ 90 ◦, −180 ◦ ≤ γ ≤ 180 ◦ and −90 ◦ ≤ α ≤ 90 ◦. In 
Section 3.2 , we test the impact of biased values of κ on the inversion 
results by assuming a variety of fixed values of κ; and in Section 
3.3 , we explore how to obtain robust estimation for the value of κ . 

2.3 Decomposition of moment tensor 

Following Vavry ̌cuk ( 2001 , 2011) , the MT is usually decomposed 
into the ISO, DC and CLVD components as follows: 

m = m 

I + m 

D = m 

I + m 

DC + m 

CLVD , (17) 

m 

I = 

1 

3 
tr ( m 

) 

⎡ ⎣ 

1 0 0 
0 1 0 
0 0 1 

⎤ ⎦ , (18) 

m 

DC = 

( 1 − 2 | ε | ) M | max | 

⎡ ⎣ 

−1 0 0 
0 0 0 
0 0 1 

⎤ ⎦ , (19) 

art/ggad425_f4.eps
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Figure 6. Variations of (a) E DC , (b) E CLVD , (c) E ISO and (d) E PT with the slope angle under Scenario I. Blue lines show the results for the MT inversion. Red, 
magenta and black lines show results for inv ersion strate gies of STC-True, STC-Joint and STC-Vel, respecti vel y. 200 synthetic microearthquakes are used. 
Note that the vertical scales in (a)–(d) are different. 
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CLVD = | ε | M | max | 

⎡ ⎣ 

−1 0 0 
0 −1 0 
0 0 2 

⎤ ⎦ , (20) 

 = − M | min | ∣∣M | max | 
∣∣ , (21) 

here m 

I and m 

D represent the ISO and deviatoric parts of the MT,
especti vel y. The symbol tr ( ·) stands for the trace of a matrix. m 

DC 

nd m 

CLVD are the DC and CLVD components of the deviatoric part.
M | max | and M | min | are the eigenvalues of the deviatoric part m 

D with
he biggest and smallest absolute v alues, respecti vel y. The fractions
f the ISO, DC and CLVD components in an MT can be e v aluated
s follows: 

f ISO = 

1 

3 

tr ( m 

) ∣∣M | max | 
∣∣ , (22) 

f CLVD = 2 ε 
(
1 − ∣∣ f ISO 

∣∣) , (23) 

f DC = 1 − ∣∣ f ISO 
∣∣ − ∣∣ f CLVD 

∣∣ . (24) 

For a purely shear event, the fraction (percentage) of the DC
omponent is 100 per cent, whereas it is zero for a purely tensile
vent. It should be noted that the above MT decomposition is not
he only decomposition used in the literature. For a review, see
avry ̌cuk ( 2015a ). 
.4 Estimation of κ

avry ̌cuk ( 2011 ) described different methods to solve for κ in a
ource region based on the MT solutions of local events. Here, we
onsider two methods: 

Method 1. We first solve a linear inverse problem for the MT
f each event. Then a linear regression (Weisberg 2013 ) between
he ISO and CLVD fractions is conducted collecti vel y from all
vents with the constrain that the regression line runs through the
rigin ( f ISO = f CLVD = 0 ). Then, κ is calculated from the ratio

f ISO / f CLVD by eq. ( 2 ). 
Method 2. Again, first we solve a linear inverse problem for

he MT of each event. Then, we minimize the misfit function (for
etails, see Vavry ̌cuk 2011 ): 

L ∑ 

i= 1 

∣∣∣∣ M 2 − c · tr ( m 

) 

M 1 − M 3 

∣∣∣∣
i 

= min , (25) 

here 

 = 

κ

3 κ + 2 
. (26) 

As in Method 1, the minimization is performed involving all
vents. 

Method 3. Here, we propose a third method, which is a joint
nversion for κ and for parameters defining the STC model. In other
 ords, we no w consider the STC model as a six-parameter model

angles ϕ, δ, γ and α, parameter κ and the product uS ). Again,
he inversion involves all events and the joint nonlinear L1-norm

inimization of the objective function is defined as: 

art/ggad425_f6.eps
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Figure 7. The CLVD–ISO diamond plots for synthetic experiment results (red circles) obtained from four different inversion strategies for a slope angle of 30 ◦
under Scenario I. (a) MT inversion; (b) STC inversion using κ = 1 ; (c) STC inversion using κ = 0 . 4 , which is the true value of κ and (d) STC inversion using 
κ = −0 . 2 . The black plus sign in each plot represents the true position of the assumed source. In (b)–(d), the green dotted lines represent all the possibilities 
for the distribution of the events in the diamond plot when κ is fixed and the slope angle is greater than or equal to 0 ◦. 200 synthetic microearthquakes are used 
for each inversion strategy. Note that the results can also be displayed by other graphical representations of the source components such as the lune plot (e.g. 
Chapman & Leaney 2012 ; Tape & Tape 2012a , b ). 
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ε κi = 

1 

N i 

N i ∑ 

j= 1 

∣∣u 

the 
i j ( ϕ i , δi , γi , αi , κ) − u 

obs 
i j 

∣∣ , (27) 

1 

L 

L ∑ 

i= 1 
ε κi = min , (28) 

where N i is the number of amplitude measurements for the i th event, 
L is the number of local events, ε κi is the residual of the STC inver- 
sion for the i th event and u 

the 
i j ( ϕ i , δi , γi , αi , κ) and u 

obs 
i j are the j th 

theoretical and observed amplitudes for the i th e vent, respecti vel y. 
The basic advantage of Method 3 is that it uses jointly all the events 
and amplitudes involved. It does not need an intermediate stage of 
solving for the MTs. The method directly employs the observed 
amplitudes to solve for κ , thus reducing the errors caused by the 
conversions of intermediate parameters and resulting in a more ac- 
curate κ . Besides, the joint inversion can better reflect a complex 
relation between κ and the focal mechanisms of all events. 

In the implementation of Method 3, the value of κ is first assumed 
to be known and the same for all events in the inversion. For example, 
we can take the value of κ between − 0.6 and 1 with an interval 
of 0.01, resulting in a total of 161 κ samples. Secondly, for each 
sample of κ , we invert for the focal mechanism of the i th event 
and calculate the residual ε i based on eq. ( 27 ). Then, the average 
residual for all events can be calculated from the left-hand side 
of eq. ( 28 ). Thirdl y, the v alue of κ corresponding to the minimum 

average residual for all events in the 161 samples is the optimal 
value (detailed later in Fig. S2 Supporting Information ), and the 
corresponding focal mechanism is also optimal. The interior-point 
algorithm is used for minimizing the objective function in eqs ( 27 ) 
and ( 28 ), and the ranges for the parameters (strik e / dip / rak e / slope)
are the same as those in Section 2.2 . 

3  S Y N T H E T I C  E X P E R I M E N T S  

3.1 Setup of synthetic experiments 

To ensure the applicability of our proposed method, we first conduct 
inv ersion e xperiments using synthetic data generated in a realistic 
source-station configuration. Therefore, we use the station distribu- 
tion and the V P and V S models in the West Bohemia region (Fig. 2 ) 
where earthquake swarms occur frequently and the local West Bo- 
hemia Network (WEBNET) has been deployed for the purpose 
of monitoring the local seismic activity (R ů žek & Hor álek 2013 ; 
Bachura & Fischer 2016 ; Valentov á et al. 2017 ; Vavry ̌cuk et al. 
2021 ). We use a layered ISO model, because seismic anisotropy is 
weak in the area (R ů žek et al. 2003 ) and numerical tests indicate 

art/ggad425_f7.eps
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Figure 8. Same as Fig. 7 , but for a slope angle of 70 ◦. 
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hat errors produced by its neglect should be insignificant ( ̌S ́ılen ý
 Vavry ̌cuk 2002 ). The network covers the earthquake swarm area
ith no significant azimuthal gaps. The velocity ratio in the ISO

rustal model (used for calculating Green’s functions) is assumed
o be V P /V S = 

√ 

3 with a parameter κ of 1. When using the STC
odel, we should consider a specific value of κ different from 1 in

he fault zone. 
For the synthetic experiments, the events are randomly distributed

n a 2 km × 2 km × 2 km volume, with its centre at 12.44 ◦ E longi-
ude, 50.24 ◦ N latitude and 9 km depth. The Green’s functions are
alculated for the 1-D layered model using the ray method ( ̌Cerven ý
001 ). The synthetic amplitudes are obtained from the Green’s func-
ions and MTs according to eq. ( 3 ). In each experiment, we invert
or 200 (Sections 3.2 and 3.4 ) or 100 (Section 3.3 ) synthetic mi-
roearthquakes of similar focal mechanisms with strike, dip and
ake angles randomly generated and uniformly distributed in the
ntervals of 160 ◦ ± 10 ◦, 80 ◦ ± 5 ◦ and − 30 ◦ ± 10 ◦, respecti vel y.
hese focal mechanisms are similar to one of the typical focal
echanisms in the West Bohemia area (Vavry ̌cuk et al. 2021 , 2022 )

eing well oriented with respect to the regional stress field. The
lope angle is fixed in each inversion experiment, and we test the
lope angles from 0 ◦ (pure shear) to 90 ◦ (pure tensile) at an interval
f 10 ◦, resulting in a total of 10 experiments. The parameter κ is set
o a fixed (true) value κ0 = 0.4 for all synthetic microearthquakes,
hich is also used in computing (a) the MTs based on eqs ( 8 )–( 11 ).
he moment magnitude ( M w ) of each synthetic event is 1. 
In the synthetic tests, we introduce two scenarios that simulate the

oss of data quality and/or quantity as well as biases in the inversions.
n Scenario I (Sections 3.2–3.4 ), the amplitudes are contaminated
y Gaussian noise, with the noise level depending on the length of
ay path from source to station (Stierle et al. 2014b ). In Scenario
I (Section 3.4 ), in addition to the noise contamination in Scenario
, the events are mislocated systematically by 500 m vertically and
00 m horizontally (in random azimuths) from the true positions
 ̌S ́ılen ý 2009 ); the P - and S -wave velocities are perturbed as shown
y the dotted lines in F ig. 2 (b); meanw hile, amplitudes are not
sed at eight randomly selected stations for each event. The second
cenario represents a typical situation of microearthquake data, in
hich seismic noise, location and velocity errors and data loss co-

xist. 
We quantify the inversion error by two types of measures. One is

he averaged absolute values of the differences in the percentages
f the DC, CLVD and ISO components, denoted by E DC , E CLVD and
 ISO , respecti vel y, between the true percentages of the DC ( f DC 

i ),
LVD ( f CLVD 

i ) and ISO ( f ISO 
i ) components and the corresponding

nverted percentages ˜ f DC , ˜ f CLVD and ˜ f ISO (Stierle et al. 2014b ; Ren
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Figure 9. Plots of P - and T -axes for the results from four different inversion strategies for a slope angle of 30 ◦ under Scenario I. (a) MT inversion; (b) STC 

inversion using κ = 1 ; (c) STC inversion using κ = 0 . 4 , which is the true value of κ and (d) STC inversion using κ = −0 . 2 . In each subplot, the black plus 
signs and circles in each plot represent the true positions of the T - and P -axes, respecti vel y; whereas the red plus signs and circles represent the positions of the 
T - and P -axes, respecti vel y, from the inversions. 
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et al. 2020 ): 

E DC = 

1 

L 

L ∑ 

i= 1 

∣∣ f DC 
i − ˜ f DC 

i 

∣∣ , 
E CLVD = 

1 

L 

L ∑ 

i= 1 

∣∣ f CLVD 
i − ˜ f CLVD 

i 

∣∣ , 
E ISO = 

1 

L 

L ∑ 

i= 1 

∣∣ f ISO 
i − ˜ f ISO 

i 

∣∣ . (29) 

The second type of measure for inversion error is the average 
deviation angle E PT between the true and inverted P - and T -axes 
(Vavry ̌cuk et al. 2017 ) defined as: 

E PT = 

1 

L 

L ∑ 

i= 1 

1 

2 

[ 
co s −1 

(
ˆ p i ·̂ ˜ p i 

) + co s −1 
(

ˆ t i ·̂ ˜ t i 
)] 

, (30) 

where ˆ p i and ˆ t i are the unit vectors for the true P - and T -axes, 
respecti vel y, of the i th event; ̂  ˜ p i and ̂  ˜ t i are the corresponding inver- 
sion results. The rotation angle can also be estimated by the Kagan 
( 1991 ) angle, which quantifies the minimum rotation angle between 
two sets of coordinate systems. Ho wever , in the analysis of a large 
number of microearthquakes, eq. ( 30 ) is straightforward and intu- 
iti vel y defines the errors in focal mechanisms and biases of the P - 
and T -axes, which are beneficial for analysing the disturbance of 
the stress field. 

The four quantities defined in eqs ( 29 ) and ( 30 ) provide a compre- 
hensive measure of the biases in the DC and non-DC characteristics 
of the inversion results. 

3.2 The effect of κ on STC inversion 

We first test the effect of an inappropriate value of κ on the STC in- 
version under Scenario I. As stated before, we conduct 10 inversion 
experiments with 10 different slope angles, with each experiment 
involving 200 synthetic microearthquakes having the same slope 
angle. Dif ferent v alues of κ ranging from −0 . 2 to 1 with an interval 
of 0.1 are tested in the STC inversion in each experiment with a true 
value of κ0 = 0 . 4 . Fig. 3 shows the variations of the four types of 
inversion errors defined in eqs (29 ) and ( 30 ) with the slope angle α
for different κ values used in the STC inversions. It shows that using 
an inappropriate κ value affects the STC inversion significantly. The 
results of the cases where the slope angles are ne gativ e are shown 
in the Fig. S1 in the Supporting Information, and most of the results 
are similar to those in Fig. 3 . 

Fig. 3 shows that when the value of κ is between 0.3 and 0.5 
(i.e. close to the true value of 0.4), most of the error measures are 
small for all slope angles. The differences are less than 5 per cent 
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Figure 10. Statistics of the (a) DC, (b) CLVD, (c) ISO components and (d) the slope angles of the selected 200 microearthquakes in the West Bohemia region 
obtained from three different inversion strategies. Blue: MT inversion; red: STC-Joint inversion and black: STC-Vel inversion. 

Figure 11. Distributions and probability density estimations of the P - and T -axes corresponding to three different inversion strategies: (a) MT inversion; (b) 
STC-Joint inversion and (c) STC-Vel inversion. The events are the same as those in Fig. 10 . Plus signs are for the T -axis and dots are for the P -axis. Lower 
hemisphere equal-area projection is used. Probability density estimation increases from blue to red. Note that the colour scales in (a)–(c) are different. 
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etween the true and inverted DC, CLVD and ISO components and
ess than 5 ◦ between the true and inverted P - and T -axes. When κ is
arge, E DC and E CLVD increase with the slope angle, and both have

aximum values of about 18 per cent near κ = 1 . In the meantime,
 ISO remains at a low level, while E PT reaches a maximum of about
2 ◦ when the slope angle is near 30 ◦. An important observation in
ig. 3 is that when the slope angle is close to 0 ◦ (i.e. for purely shear
vents), all differences are small no matter what κ is. 

On the other hand, when κ is small, the situation is quite different.
 DC and E CLVD increase initially with the slope angle, reaching
alues of about 24 per cent and 30 per cent, respecti vel y, at the slope
f 30 ◦, and then decrease. E ISO and E PT monotonically increase with
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the slope angle. This suggests that how to obtain accurate κ is the 
key point for subsequent solution of DC/CLVD/ISO components 
and P- and T -axes distribution. 

3.3 Accuracy of different methods in solving for κ

Here, we solve for the value of κ using all three methods described 
in Section 2.4 and compare the results. As described before, we 
conduct 10 experiments with 10 slope angles under Scenario I, 
with each experiment involving 100 synthetic microearthquakes. 
Considering the randomness of noise, each experiment is repeated 
50 times to obtain the means and standard deviations. Fig. 4 shows 
the variations of the means and standard deviations of the three 
methods in solving for κ with the slope angle. The true value is 
still κ0 = 0 . 4 , shown by the red dotted line in Fig. 4 . Obviously, 
Method 3 (proposed in this study) yields κ that is closest to the true 
value for all slope angles. Except for the case where slope angle is 
equal to 0 ◦, the errors of κ obtained using Method 3 are all within 
10 per cent of the true value of κ . As the slope angle increases, 
the values of κ obtained by Methods 1 and 2 also increase. For 
events with large slope angles, for example, 80 ◦, the values of κ
estimated by Methods 1 and 2 are about 0.2 above the true value. 
Even for this modest error in κ , the biases in the DC and CLVD 

components become quite large (Figs 3 a and b). For purely shear 
events ( α = 0 ◦) , the result of Method 3 also has a relatively large 
standard deviation. Fig. S2 (Supporting Information) shows details 
of obtaining κ by using Method 3. 

Vavry ̌cuk ( 2011 ) conducted a numerical test about the effect of 
the V P /V S ratio in the fault vicinity on the CLVD and ISO compo- 
nents of earthquakes. His results showed that when the true V P /V S 

ratio is small (e.g. ∼1.4), the estimation errors by Methods 1 and 
2 are very small. Ho wever , when the true velocity ratio is large 
(e.g. 2.0), the estimation errors by the two methods are also quite 
large. Here, we demonstrate the same behaviour when considering 
κ instead of V P /V S , as shown by the experiment in Fig. 5 . This ex- 
periment e v aluates the performance of the three methods in solving 
for a large value of κ or V P /V S ratio. In this experiment, we use 100 
synthetic microearthquakes under Scenario I and repeat 50 times 
to obtain the means and standard deviations. The true value of κ is 
set to 2, corresponding to V P /V S = 2 . Instead of using fixed slope 
angles, the angles are randomly selected in the range of 0 ◦–30 ◦. The 
results show that the value of κ obtained by our proposed Method 
3 is still closest to the true value. 

3.4 Comparison of MT and STC inversions 

The synthetic experiments described in the previous sections 
demonstrate that an appropriate value of κ ensures the accuracy 
of the STC inversion. In the experiments in this section, we com- 
pare the accuracy of the STC inversion with the results from the 
linear MT inversion. As stated before, we conduct 10 experiments 
for 10 different slope angles, with each experiment involving 200 
synthetic microearthquakes. Both Scenarios I and II are considered 
in each experiment. 

The MT inversion method adopted here uses the least-squares 
algorithm defined in eq. ( 5 ). For STC inversions, three different 
strategies are adopted: (1) STC-True, in which the true value of 
0.4 for κ is used; (2) STC-Joint, in which κ is determined by our 
Method 3 and (3) STC-Vel, in which the standard velocity ratio of 
V P /V S = 

√ 

3 is used to define κ . 
The results are shown in Fig. 6 for Scenario I and in Fig. S3 
(Suppor ting Infor mation) for Scenario II. The results are similar for 
both scenarios. The four different biases by STC-True and STC- 
Joint have similar variations with the varying slope angle, and both 
are significantly lower than those by the MT inversion. In the results 
of the STC-Joint inversion, errors E DC , E CLVD and E ISO are largest 
when the slope angle is close to 0 ◦. Ho wever , the maximum E PT 

occurs when the slope angle is 30 ◦. In almost all cases, the STC- 
Joint inversion yields the most accurate inversion results. 

The results of the STC-Vel are quite complicated. It yields the 
smallest E DC and E CLVD among the four inversion strategies for 
pure shear events, and its E ISO and E PT are similar to those of 
the STC-True and STC-Joint in versions. Ho wever , for slope angles 
of a few degrees and larger, the errors of the STC-Vel inversion 
increase drasticall y, especiall y as measured b y E DC and E CLVD , being 
comparable to those of the MT inversions, and E ISO and E PT are also 
higher than those of the STC-Joint for shear-tensile or pure tensile 
events. 

3.5 Further discussion on the synthetic experiment results 
using an incorrect κ

Let us further examine the inversion errors shown in Fig. 3 . In Fig. 7 , 
we plot the Hudson-type CLVD–ISO diamond diagram (Vavry ̌cuk 
2015a , b ) for a slope angle of 30 ◦. In this case, f DC = 29 . 4 per cent ,
f CLVD = 39 . 2 per cent and f ISO = 31 . 4 per cent . The CLVD and 
ISO components are shown clearly in the CLVD–ISO coordinate 
system. The centre of the diamond represents a purely DC event, 
and the blue colour is used as a visual aid. The darker the colour, 
the larger the DC component. The DC components obtained by 
the STC inversion with a fixed value of κ = 1 are generally larger 
than the true values, whereas the situation is completely opposite 
when κ = −0 . 2 . If the value of κ is more accurate (i.e. near the true 
κ0 = 0 . 4 ), the DC components obtained by the STC inversion are 
concentrated around the true value. Fig. 8 shows the diamond plots 
for the slope angle of 70 ◦. 

For shear-tensile events, it is straightforward that the larger the 
slope angle, the smaller the DC component. As indicated by eqs (9)–
( 11 ), if the value of κ is limited to 1 in the STC inversion, which 
is larger than the true value, the slope angle α has a tendency to be 
underestimated in the inversion process. This is a compensation for 
an unreasonably large κ , as shown in Figs 7 (b) and 8 (b). Hence, the 
slope angle obtained by the STC inversion using κ = 1 is generally 
lower than the true slope angle, which results in an e xcessiv ely large 
DC component. This is acceptable in solving for events with large 
DC components, especially for purely shear events with nearly 100 
per cent DC component. Ho wever , for events with significant non- 
DC components, unreasonably lowering the slope angle in the STC 

inversion using κ = 1 makes E DC quite large, as shown in Fig. 8 (b). 
To the contrary, when κ = −0 . 2 is used in the STC inversion, the 

slope angle tends to increase to compensate for the unreasonably low 

value of κ (see eqs 9 –11 ), which results in a smaller DC component, 
as shown in Figs 7 (d) and 8 (d). 

Comparing Figs 7 (d) and 8 (d), it can be seen that when the slope 
angle is 30 ◦, the DC components from the STC inversion using 
κ = −0 . 2 are already close to 0 per cent, which is near the border 
of the CLVD–ISO diamond plot. Their positions would not change 
too much even if the slope angles are larger. Ho wever , as the true 
slope angle increases, the true DC component decreases and the 
true event positions shift towards the borders in the CLVD–ISO 

diamond plot. Hence, the error E DC reaches the maximum when the 

https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggad425#supplementary-data
https://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggad425#supplementary-data
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lope angle reaches 30 ◦, and then decreases for larger slope angles,
s shown in Fig. 3 . 

The analysis of the behaviours of E ISO and E CLVD under different
values and slope angles is similar to the above analysis for E DC ,
hich can be understood together with the intuitive pattern in the
LVD–ISO diamond plots in Figs 7 and 8 . A large difference be-

ween the inverted and true positions on the horizontal axis of the
iamond plot implies a large E CLVD , whereas a large difference in
he positions on the vertical axis implies a large E ISO . For example,
he results of the STC inversion using κ = −0 . 2 are quite different
rom the true positions on the horizontal axis, which implies a large
 CLVD when the slope angle is 30 ◦, as shown in Fig. 7 (d). On the
ther hand, the results of the STC inversion using κ = 1 are very
lose to the true positions on the vertical axis, which implies a small
 ISO even when E CLVD is very large when the slope angle is 70 ◦, as
hown in Fig. 8 (b). 

For purely shear events, unlike shear-tensile or purely tensile
 vents, v alues of κ too large or too small have no effect on the slope
ngle based on eqs (9)–( 11 ), so the bias of purely shear events is
mall and similar for different κ . 

Compared with the three STC inversion strategies, the MT inver-
ion results are more scattered in the diamond plots. Ho wever , the
catter is around the true values and a systematic bias is not obvi-
us. Therefore, the biases in the MT inversion results are not al wa ys
igher than that of the STC inversions using κ = 1 . This indicates
hat a more concentrated source distribution is not necessarily more
ccurate. 

Fig. 9 shows the distribution of the P - and T -axes from the four
ifferent inversion strategies with a slope angle of 30 ◦. It can be seen
hat the P - and T -axes corresponding to the MT inversion are most
cattered, especially for the P -axis. The P - and T -axes corresponding
o the STC-True inversion are most concentrated. Using a value of

too large ( κ = 1) or too small ( κ = −0.2) in the STC inversion
ill cause the overall shift of the P -axis in different directions. The
egree of overall shift depends on the slope angle and κ , as shown
n Fig. 3 (d). 

 A P P L I C AT I O N  T O  F I E L D  DATA  

he West Bohemia region is a seismically active area with a frequent
ccurrence of earthquake swarms. A high-quality data set including
ore than 4500 microearthquakes of depths from 6 to 11 km was ac-

uired in 2008–2018 (Vavry ̌cuk et al. 2021 , 2022 ). The distribution
f the microearthquakes that occurred in 2011 is shown in Fig. 2 (a).
he double-difference locations (Waldhauser & Ellsworth 2000 ;
ouchaala et al. 2013 ) of the microearthquakes were determined
nd the MT inversion based on the principal component analysis
Vavry ̌cuk et al. 2017 ) was applied. 200 microearthquakes are se-
ected and analysed here. The focal mechanisms of the selected

icroearthquakes are similar and the normalized root-mean-square
RMS) misfit of the P -wave amplitudes for each event (Stierle et al.
014b ) is smaller than 0.4 (Vavry ̌cuk et al. 2021 ). The MT inversion
nd the STC-Joint and STC-Vel inversions are performed for the
elected microearthquakes to verify the conclusions made from the
ynthetic experiments described in Section 3 . Our STC-Joint inver-
ion obtained a κ value of −0 . 23 , indicating a fault zone V P /V S 

alue of 1.33, which is very close to the value of −0 . 2 obtained by
avry ̌cuk et al. ( 2021 ) based on thousands of events in 2008–2018.
he low V P /V S ratio anomalies in this region have also been studied
y Bachura & Fischer ( 2016 ) and Valentov á et al. ( 2017 ). 
Fig. 10 shows the statistics of the DC, CLVD and ISO components
nd the slope angles of the selected microearthquakes using three
ifferent inversion strategies. Slope angles obtained from the MT
nversion can be calculated based on eqs (15) and (16 ), and (6) and
 7 ). 

For the STC-Joint inversion, the distributions of the CLVD and
SO components and the slope angle are more concentrated than
he results of the MT inversion. More than 80 per cent of the slope
ngles obtained by the MT and STC-Joint inversions are between
10 ◦ and 10 ◦, which means that the non-DC components of the
icroearthquakes are small. The results of the STC-Vel inversion

ave the most concentrated DC and CLVD components and the
lope angle distributions. More than half of the events have DC
omponents of more than 90 per cent, and only less than one-
enth of the events have DC components less than 80 per cent.
he CLVD components obtained by the STC-Vel inversion are all
etween −20 per cent and 20 per cent , and the slope angles are
istributed between −10 ◦ and 10 ◦. Even the STC-Vel inversion has
uch concentrated results. Does this mean that the STC-Vel is the
est inv ersion strate gy? The answer is no! The reasons include: (1)
ased on the statistics of the slope angles in Fig. 10 (d), most of the
lope angles are between −20 ◦ and 10 ◦. The DC components in the
esults of the STC-Vel inversion are likely to be overestimated, as
hown in Fig. 7 (b); and (2) the true κ value used in the synthetic
ests in Fig. 6 is 0.4, and the resulting errors are already obvious for
hear-tensile events when κ = 1 is used in the STC-Vel inversion.
f the value of −0 . 23 obtained by the joint nonlinear inversion is
he true κ in the West Bohemia region, then κ used in the STC-
el in version w ould be much larger than the true value, which

esults in lower accuracy in the inversion results for all source
omponents. 

The distributions and the probability density estimation (Silver-
an 2018 ) of the P - and T -axes (Vavry ̌cuk 2015a ) corresponding

o the three inv ersion strate gies are shown in Fig. 11 . The proba-
ility density is computed by using the kernel smoothing function
or each point. Larger probability density value means a denser
ata distribution. Since the RMS of each event is lower than 0.4,
he data fit of the MT inversion is very good. Therefore, the dis-
ributions of the P - and T -axes by the MT inversion are relati vel y
oncentrated, and the compression and tension regions are clearly
eparated. The P - and T -axes from the two STC-based nonlin-
ar inversions are more clustered, and the result from the STC-
oint in version sho ws the highest concentration as demonstrated in
ig. 11 by a higher probability density. Combined with the syn-

hetic test results in Fig. 9 , we conclude that the P - and T -axes
btained by the STC-Joint inversion in Fig. 11 (b) is the most reli-
ble. 

Fig. 10 (d) indicates that most of the slope angles for the selected
vents in the West Bohemia region are between −20 ◦ and 10 ◦,
hich means that results here only pertain to the conclusions in
ection 3 for small slope angles. In hydraulic fracturing ( ̌S ́ılen ý
t al. 2009 ; Wang et al. 2018 ; Naoi et al. 2020 ; Li et al. 2021b )
r volcanic monitoring (Pesicek et al. 2012 ; Kim et al. 2014 ), the
on-DC components may be larger. The STC inversion can be more
f fecti ve than the MT inversion, especially for the DC and CLVD
omponents, as shown in Figs 6 (a) and (b). 

Here, we only use the P -wave amplitudes in the synthetic exper-
ments and in the application to field data. The same analysis can
lso be applied to the combined use of P - and S -wave amplitudes
 ̌S ́ılen ý 2009 ; Stierle et al. 2014b ) or to waveform-based inversions
Li et al. 2021a ). 
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5  C O N C LU S I O N S  

In this study, we carry out a series of synthetic experiments to 
assess the ef fecti veness of the STC model in microearthquake focal 
mechanism inversions. We focus on the performance of the STC 

model inversion when inappropriate values of κ are used. We find 
that the error of the resulting DC and non-DC components and focal 
mechanisms can be kept low, provided that an accurate value of κ
is used. Significantly mistaken values of κ may cause large errors 
in focal mechanisms and lead to wrong interpretations. To prevent 
this, we propose a joint inversion for both the parameters of the 
STC model (i.e. strike, dip, rake, slope and magnitude) and κ . The 
joint inversion is nonlinear and yields more accurate results than 
the existing methods. The ef fecti veness of the STC inversion using 
an appropriate value of κ is improved significantly compared to that 
of the MT inversion. On the other hand, the STC inversion using κ
obtained from the V P /V S ratio of the crustal velocity model, which 
has often been used in studies of aftershocks, earthquake swarms, 
hydraulic fractures and laboratory rock failures, should be avoided. 

The conclusions drawn from the synthetic experiments are partly 
(for small slope angles) verified b y appl ying the MT and STC inver- 
sions to microearthquakes in the West Bohemia region. Compared 
to the MT inversion, both the STC-Joint and STC-Vel inversions 
yield more concentrated DC and non-DC components as well as 
focal mechanism solutions. Results indicate that our proposed STC- 
Joint inversion method is reliable and has a high potential in focal 
mechanism studies and microearthquake monitoring applications. 
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Figure S1. Variations of the errors defined in e qs (29) and ( 30 ) 
with ne gativ e slope angles and different κ values used in the STC 

inversions under Scenario I for a true value of κ0 = 0 . 4 . Each in- 
version uses 200 synthetic microearthquakes. (a), (b), (c) and (d) 
are for E DC , E CLVD , E ISO and E PT , respecti vel y. Note that the colour 
scales in (a)–(d) are different. 

Figure S2. (a) Residuals defined in eqs ( 27 ) and ( 28 ) for different 
κ obtained from Method 3 in synthetic test under Scenario I. The 
sampling interval of κ is 0.01. Solid and dashed lines of different 
colours represent different slope angles. (b) Zoom-in plot of (a) near 
minimum residuals. The circle on each line marks the minimum 

residual. The true value is κ0 = 0 . 4 indicated by the vertical dashed 
line. 

Figure S3. Variations of (a) E DC , (b) E CLVD , (c) E ISO and (d) 
E PT with the slope angle under Scenario II. Blue lines show the 
result by the MT inversion. Red, magenta and black lines show 

results from inversion strategies STC-True, STC-Joint and STC-Vel, 
respecti vel y. Each inversion uses 200 synthetic microearthquakes. 
Note that the vertical scales in (a)–(d) are different. 
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